APPENDIX C
EXPECTED VALUE OF PRODUCTS OF MOMENTS
To minimize the algebra, this derivation is done in
cases. Some preliminary results are necessary, howe?er,

From Appendix A,

e, = (gem) T ()8 J 150 (D2 ()
) T(t)GT(T)GT(u)GT(V)
s e - ey - wavauarar. (6.1)

Therefore,

E[MKMJ&] = (jg-n-)'(f"f“k)(T)-E
' Jt IT fu fv E[B(t)Ex(r)8(u)e*(v)1a5(t)Gp(r)

+ Gu(weg(s(r - £)6(3)(v - u)avaudras.
| (c.2)

But, for a gaussian process
E[XIXQXBXQ] = E[XIXE]E[XBX4]
+ E[XIXB]E[X2X4] + E[xlxu]E[xexq]

and from the results of Swartz, Bennet, and Stein (11)

So, if z(t) is a gaussian process, then
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ELe(t)e*()s(w)e*(v)] = Re(t - T)Rg(u = v)
+ Rﬁ(t - V)Rg(u - 1) {(C.3)

Substitution of this result into Equation (C.2) and a

change ol the order of integratlion yields

E(MM,] = ( yom) ~(#tk)q-2

T L et - gt - 0

+ Re(t = v)Re(u = 7)]Gp(t)Gp(u)

=

. GT(T)GT(V)é(k)(T - t)6(£>tv - u)dvdrdudt.
(c.4)

Cagse 1: k=0, £ =0

E(M5] = T2 j;.j; QT(t)GT(u)[lﬁg(O)I2_+ [Re(t - g)ladudt

m p
2 ] .
E(MC] = P2 + T7% [ Ig R, (t - w)| 2dudt .
. |

(c.5)

T
E[Mg] = P° 4 T7° j2
t

T
J’i : jf urgss(f)sg(g)

-3

. eJemf(t-u) J2rg(u-t) 4, qrquat. (C.6)

Interchanging the order of Integration ylelds
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E[Mg] = p° 4 T7°

| I
. J f £)Ss (g IE ejgw(f"g)tdt
I'“g t:—l
T ¢
jz Jem(e-ug | gzar. (€.7)
T | |
u=-§

Integrating over t and u yields
sin® 2rlg - f)g

) 2 -1
E[MZ] = PT + T S:(1)S.{g) dgdf.
(C.8)
For large T
sin° 2m(g ~ f)g
2 _*5(8 - f)o
[ew(eg - £)1°0
Therefore, for large T,
E[Mg] - P2 4 T“I-I Sg(f)df. | (c.9)
Case 2: k=0, £ =1
E[MM, ] = (j2mr) " tp~2
01
j j (1) ([R4(0) R*(O
(C.10)

+ Re(t - WR*(t - u)]

+ [R(0)[% + [Ry(t - u)]?]16y(t)Gp(u)Jaua.

Using methods similar to those 1n the derivation of E[MO],
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the filrst integral can be evaluated. Therefore,

2 -1
H%ﬁﬂ-%P + T

sin2[27r(f - g)g]
~ SHESES 24 ggar
J. j; (1)3:(8) ———m—y = e
+ (ger) e j’t [ ep(t)eg(w)Gp(w)
u _
- [P+ lﬁg(t - u)iz]dﬁdt. (C.11)

The contribution to the second integral from the P2 term
1s zero by a symmetry argument. Again, writing Rg(f) in

terms of S (f)

- T |
E[MM,] = £ P° + T

'sin2 [211'(f - g)%

[2n(f - g)1°T
S S LY

. s?(f)sp(g)ejer(f“g)(t“u)dudtdgdf. (C.12)

] dgdf

°'j; Jé g8:(1)8.(g)

Integrating with respect to u and t ylelds
_ 2 -1
E[MOMI] = faP + T

sin2[2w(f - g)%]
' ff fg g8 (1)8,(e) ot - 2Pt

oprt £ - 2)%8,.(1)S,
+ j} j; (£ - 2)78,(£)8,(g)

dgdf
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2
csin®(ew(f - g)
. _n_[ i ] dgdf. (C.13)
fer(f - g)]°T .

o

Therefore, for large T, the second integral is zero and

_ 2 -1, D .
B[MM, ] = £,2° + T jf £85(£)d. (Cc.14)

E[M?} = (jor)~2p~2 jtj Gp(t)p(w) ([R(0)RE(0)
+ Ry(t - u)é‘g(t - w)

-0 e . 2 2
+ GT(t)GT(u)[le(O)l + |R§(t - u)|“]}dudt.
(C.15)
The derivation is, agein, similar and, after some algebra

E[Mi] . (faP)2 pl

]

hﬁe

sin [Evr(f - g2)s

. " res.(£)S.(2) dgdf
f ‘g 85! ol [%ﬁf-gﬂ T ¢
wur [ ] (- g) 8. (£)8,(z)
Jo dg 2
s1in® em{f -~ g)g]
. L 5 dgdf . (C.16)
(2r(r - g)° o | -

Again, for large T the second integral is zero and

EM5] = (£,p)% + 072 If fgsé(f)df. (Cc.17)

Some results are necessary for the work of the next
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two cases. From Appendices A, B

B[M (M, - PEE)] = (gom)~(Kt2)p2

J oI T T ente)ogtrieg(uiog(v)

. 5(k)(¢ - £)8(v ~ u)

- E{5{t)E*(7)5(u)s*(v) lavdudrdt

- 6 (£)6 (e (s (r = ¢)
L T(. Je(m)en(w)s ¥ (r - ¢

© E[5(£)E*(e)E(u)g*(u) JGp(u)dudraty .
| (¢.18)

Assuming a gaussian process, Integrating with respect to

v in the first integral, and c¢ombining terms ylelds

E[Mk(mg - %Bg)] = (jQTr)“(k+2)T“2

(£)Gp(T)G(w) 6 (x - ¢)
T T

*(Gp(w) [Re(t = 7)Rg(0)
+ éi(t - u)RE(T - u)]
+ [8(u) - G&(w) MR (t~ 7)RZ(0)

+ Re(t - u)R;(T - u)lldudtdr. (€.19)

Or, interchanging the order of integration
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E[M, (M, - %B%)} = (yor)~(K+2)p-2

: jt Iu IT GT(t)GT(T)GT(u)é(k)(T - t)
. {GT(u)[Ri(t - T)ﬁz(o)

+ Rt - wRI(T - u)]
+ 2G,(u) [Re(t - T)RE(0)

+ ﬁg(t - u)RE(T - u)]jdwdudt.
(C.20)

Case U: k=20, 4=2

Performing the integration over 7 ylelds

E[M (M, - PBO)] = (jor) er~?
j f T(t G (u {Rz(0) R 3(0)

+ B, (t - u)R*(t -u) + QGT(u [R ( )RE@)

+ ég(t - u)R;(t - u)}}dudt. (C.21)

Again, switching to the frequency domain and integrating

with réspect to t and u yilelds

- or. 2 2 2
E[MO(M2 - PBT)] = PT[B” + B + £, ]

gf} I %3, E(g)
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For large T, the second integral is zero and

- YO P S~ N S [ -3
EMg(M, - PBQ)] = PU[B" + B + £2] + T jf sz (£)at,
(C.23)

Case 5: k=1,4% =2

From Equation (C.20)

E[M (M, - PBZ)] = (gem) 2172

SRRICLX

© (6,0 £) [Re(0)RI(0)

F Rt - wRE(E - u) + 28(wh (0)RX(0)
+ QéT(u)ﬁE(t - w)RE(t - )]

+ Gp(6) (R (O)RE(0) + Re(t - wIRE(E - u)

+ EéT(u)ﬁg(O)ﬁ;(O)

+

QéT(u)ég(t - u)ﬁ;(t - u)]} dudt.
(G.oh)
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The four terms having zero for an argument of the auto-
correlation function ean be integrated giving zero for

three of the terms and leaving

-2

A D 2,2 2 2 =3
E[Ml(m2 - PBT)] = £, PT[B” + Bﬁ + ] + (j27) -T

T e (t)en(u
f; f; p(t) ()
. [éT(u)ﬁg(t - u)ﬁz(t - u)
+ 2Gp(t)Gp(u)Re(t - WRE(E - w)
+ ﬁg(t - u)ﬁ;(t - u)
+ Eéi(u)ég(t - wE(t - u)laudt.
(c.25)

Switching to the frequency domain and interchanging the

order of integration ylelds

ey 2r a2 2
- PBT)] = P [B* + Bp

. + 5] + (gem) o178

E[Ml(M

. jg 3:(0)8g(e) [ [ Gpl€)ap(u)
+ (Gy(t) (g20)%( s278)

(C.26)
+ 265(t)Gp(u) (s2wr) (J27e)

+ (genr)®(g2mg) + 265(u)

. (jQWf)(JEWg)]ejgw(f“g)(t"u)dudtdgdf.
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Again, when T is large any term with GT(X) in it is zero

and

A D e 2 2. .1 3 0
E(My (M, - PBR)] = £,P°[B° + B + £5] + T ff r2Sz(£)ar.
(€.27)

Cage 61 k =2, 4 = 2

From Appendix B,

E[(m, - PBE)®] = (o) g2 j j G £) G ()

{f [ Es(e)ex(nsex(n)]

(T)GT(V) (v - £)5(v = u)davdr

I CORGEOEIO)

T

GT(T)ﬁT(u)S(T - t)dr

f E[s(u)e*{v)E(t)s*(t)]

v

y GT(V)éT(t)S(V ~ u)dv

+ B2(e)ax(t)E(u)E*(u) Jag(t)Gy(w)faudt.

(C.28)

Assuming a gausslan process and integrating with respect

to T and v ylelds



E[(1, - PB2)?] = (2m) 'r72 [ ] epe)eg
. {[RE(O)Rg(O).+ ﬁ(t - u)Rg(t_f u)l
. éT(t)éT(u)
+ [R.(0)R}(0) + R(t - u)ég(t - u)]
o Gp(t)Er(u)

+[ﬁg(o)nf(o) + R(t - u)ﬁé(t - u)]

+ [Rg(o)ﬁg(oj f R(t ~_u)R§(t - u)]

+ [ﬁg(o)ﬁg(o) + Re(t - wWRz(t - u)]
+ [R(0)R3(0) + Ro(t - wIRI(t - u)]
- Gl £)Gr{u)

+ [RE(O)ﬁE(O) + ﬁ;(t - u)Rg(t - u)]

. éT(t)GT(u)



[, (0)Rz(0)

[R.(0)RZ(0)
" Gp(t)Gp{u)
(R;(0)RZ(0)
« G () Gp(w)
(R, (0)RZ(0)
* Gplt)Gp{u)
[/, (0)R(0)
- Gp(t)Gy(u)
[R.(0)R;(0)
© Gp(t) Gplu)
[Ry(0)R3(0)
« Go(t)Gp(u)

(R, (0)R:(0)

[

R,(t - u)ﬁ;(t - u)]

Re(t = u)ﬁ;(t - u)]

R{(t - u)Rg(t - u)]

RE(t

R (t

u) ]

7Y
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* Gplt)ap(u)
+ [Rg(0)RE(0) + Bo(t - w)RE(t = u)]

. éT(t)éT(u)}dudt. (c.23)

A1l of the terms involving & second derivative of the

gating function cancel and leave
-4 -2
Bl, - PB3)%) = oI enteregts)

. (IR, (0) )R]

vy ok

(o) + R(t - u)ﬁ;(t - u)]
Gl £)Gp(w)

+ [ﬁa(o)ﬁ;(o) + R(t - wkE(t - w)]
. GT(t)éT(u)

+.[ﬁ§(o)ﬁz(o) + ﬁg(t - u)ﬁg(t - u)]
: éT(t)eT(uj |

+ [Ry(0)RZ(0) + R,(t - wWEE(t - u)]

. GT(t)GT(u)]dudt. | (C.30)

The first half of each of the first three terms
integrate to zero because of symmetry. The second half

of each of those terms is zero when they are put in terms
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of S.(f) and when large T is assumed. Therefore, for

large T

B[ (M, - %B_%)e] = PP[E° + Bi + fi]' + ot jf f”sé(f)df.
(C.31)



