CHAPTER‘IV
SOME EXAMPLE CALCULATIONS. |

The value of the results of this investigation can
best be demonstrated through some specific examples. The
object of these ekamples is fo show the variation of the
errors in both the mean frequensy estimator and band;
'.Widfh estimator as a function of the shape of the spec- .
_trum, the true value of the'bandwidth B, and the-obser-
vation timeIT. Since the reétaﬁgular wihdow function 1s
most commonly used -in practieal sifuations, all of the
‘results shown here are computed with'respect to this
- function.

It 1s eaSiest to conceptualize fesuits that afe ex-
pressed in the same units as the quantlty that is belng '
measured Hence, the errors computed here are not the
mean square errors discussed earller. Instead the errbr"
in f that 1is discussed here is the root mean square, RMS'
error [\.(fa-)-]l/g. In the case of the bandwidth estimator,.‘
the results are easler to interpret if B is discussed in-
stead of ﬁg. That is, B is more commonly used as a meas-
ure'of bandwidth and is, therefore, more familiar..

Let

. (4.1)

Therefore
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Since for large T
2
Aé§—1-< <1, - (%.3)

the square root can be expanded in a power series and

approximated by its first three terms,

- W(E2) | [AED)] |
B= B+ - 3 . (4.4)
2B - 8B
Therefore . _
N IO .
E[B] ® B - ﬂB—Bl; | (4.5)
8B '

Since for large T (from Appendix D)

B[B%] = B°

and from a basic theorem in probabllity

€(B) = B(B) - (BIBZ,  (4.6)
it then folloﬁs that
et EE
& = - . 4. :
- 4B° ol B° T

For large T, the second term of this expression is much

smaller than the first. 'Hence, the RM3 error in é is

O]t

1 . '
fe(d) )2 » LE° (4.8)
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Thus, from the results in Chapter III, 1t 1s clear that

the two errors to be discusséd'afe
[e(fa)} [ r (f + f )d#] (4.9)
and_

[e(B) [ [f - B] 8%(f + fa)df} (4.10)
' ePfxﬁ? | g ' ‘ '

‘Example: A Gaussian Spectrum

Let

s(£) = BT Bl e 28 (4.11)

This is & gaussian shaped spectrum having a tofalpower,
P, equal to one, a meah frequency f , and a RMS pandwidth
B. The expected error for each estimator can now easily |

be calculated. |
For fé, the RMS error is

. 1 : “ E;

B

1
1 _ 3
[e(%a)]2 = T g{[ewB 7L j 2 o df% . (4.12)

Letting T = BU
1 2

[e(F,)1° = (—2-%-) [j u? &7u qu] : (4.13)

u

&
2

Integrating, the result is
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o 1 —
[e(3,)° = —1g [%] . (haw)
2(w0E' ' '

Similarly, the error in B is

[€(8)1° = (281 (2ms?] " J‘.f (2 -8%) e Par] .
| | (4.15)
Again, let f = BU. Therefore, L
1 3 - 2 18
[e(B) R [f (u® - 1)2 ™™ dﬁ] .o(B18)
- 5 Pu | |
: 2(17‘1')2 | : s
After integration, the result is
1 - %; ' " S
le(®) -—QIL—T ot (3.27)
- B(2) ( ) | -
Example:'-A'Rectangular-Spectrum':
Tet |
s(r) = wla(r - 1), (4.18)

This 1s a rectangular shaped spectrum having a total
péWer equal to one, .a mean freguency fé, and a RMS band-
width B = W/(2.,/3). Again, the errors for each.eStimator
maylbe easily calculated. |

The error in fa for this case is
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1 2 z
[E(f )1F = —Ls jz ﬁ_fedf : (4.19)
wm2 -S
Integration ylelds |
1 .
%’ L1 W\ ' '
(f - ( ) . (4.e0)

After substitution:of.the relationship between W and B,

the result becomes

o
€201 = —2— (%

1 o
jg; (h.21)
2

[y [
vy
=

. Similarly, the error in B is

| N

- W . 1

[6(3)] - —1— j? (£ =) ar| . (W.22)
ezsw./“ n g - .

After integration and substitution for W 1n terms of B,

the result is

1 1
.3 3 e |
[e(B)]® = 7 [”T’] . (4.23)
2(5)° |
Figure 6 compares the RMS error of the estimates of
f, and B in the two examples. The graph is normalized to
a unit observation time, T. Hence, to get a numerical

result the ordinate must be divided by the square root of
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FIG. 6 Normalized RMS Error Versus True Bandwidth
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T. Note that in all four_céses the reiationship is a
monotone, increasing function of ordér 31/2; The differ-
ence 1in the.errors is a constant_multiplicative factor.
The error in %a related to the rectangular.spectrum is
~approximately 3.1 db'higher than that for'the gauSSiaﬁ
spectrum, and that in B is 2.2 db worse for the rectan-
gular spectrum example than f§r the gaussian shaped spec- -
trum. 2 |

Making the.conservative cholce of the example with-
fhe greater error as.the typical éase, a_statement can
be made about_the 1ength of time needéd to make an
accurate measurement. If the true RMS bandwidth pf.the
spectrum 1s one hundred.Hz.; the;time-neceésary to make
ah est1mate of f,, within an average e?rqr of one Hz.,
'iS'appfoximateiy'lh.l seconds. VIf.an obéervation time of-
one second is aliowed, the accuraéy is.about 3.8 Hz.. For
the same true bandwidth of one hundred Hz._and.é oné
second observationrtime; the expéctéd error in B is
- apﬁroximatély 2.3 Hz. The error in B can also be redﬁced
by 1n¢reaéing T. For an error of one Hz., T must be ih-
creased to only about 5.3 seconds. Therefore, the‘ésti-
mator for f, and that for B are both reasonéble esti-

mators.



