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5.2

5.3

Chapter 5

N-1 - N-1 ~ ~
Let y[n]= Y X[rla[n—r].Then y[n+kN]= Y X[rlh[n+kN —r]. Since h[n] is
r=0 r=0

periodic in n with a period N,i[n+kN —r] = h[n—r]. Therefore J[n +kN]

2 x[r h[n—r] y[n], hence y[n] is also periodic in n with a period N.
r=0

4 ~ ~ ~ ~ ~ ~
(@) y[0]= X x[r]h[—r]= X[0]h[0]+ X[1]h[4] + X[2]A[3] + X[3]h[2] + X[4]A[1] = —
r=0

4 ~ ~ ~ ~ ~ ~
Y11= X X[r]h[1—-r]=X[0]h[1]+ X[1][0] + X[2]A[4] + X[3]A[3] + X[4]h[2] = -
r=0

4 ~ ~ ~ ~ ~ ~
y[2]= X X[r]h[2 —r]=X[0)A[2]+ X[1]h[1]+ X[2]R[0] + X[3]h[4] + X[4]h[3] = —13,
r=0

4 ~ ~ ~ ~ ~ ~
y[3]1= X Xx[r]h[3—r]= X[0]A[3]+ X[1]A[2] + X[2]A[1]+ X[3]A[0] + X[4]h[4] = —
r=0

4 - - - - ~ -
y[4]= X X[rlh[4—r]=X[0]h[4]+ X[1]A[3]+ X[2]h[2] + X[3]r[1] + X[4]R[0] = —
r=0
Therefore, y[n]={-13, -13, —-13, —-13, -13},0<n<4.

(b) y[n] = {17 1’ l’ 1, 15}’ 0 S n S 4

Since y [n+rN]=y[n], hence all the terms which are not in the range 0,1,...,N —1,
can be accumulated to v [n], where 0 <k < N —1. Hence, in this case the Fourier
series representation involves only N complex exponential sequences. Let

X[n] = N z Xk1e/2™ /N then

k=0

! Nil)"(‘[k]eﬂn(k—r)n/N _

1 1N v )"(‘[k](Nz_leﬂn(k—r)n/N}
n=0 N pn=0 k=0 N k=0

n=0

Now, from Eq (5 11), the inner summation is equal to N if k = r, otherwise it is equal

to 0. Thus, Z F[nle 2™ N — X[r]. Next, we observe X[k + (N1
n=0

N-1 — N-1 : -
= Y F[nle —Jj2n(k+{N)n/N _ z X[nle” ]2nkn/N —j2nln _ 3 %[n]e—JZTckn/N = X[k].

n=0 n=0 n=0
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54 (a) Xiln]= COS(T) =;{ej””/4 + e‘f“”/4} The period of X{[n] is N =8.

Xl[k] { Se ]27m/8 —j27nkn/8 i z j2nn/8e—j2nkn/8}
2 ln=0 n=0
7 . 7 )
=%{ Ze—jzm’l(k—])/g + Ze—]Znn(kH)/g}, Now, from Eqn. (5.11) we observe
n=0 n=0

%e—jZnn(k—l)/S _ 8, fork=1, and %e_jzm(kﬂ)/g _ 8, fork=7,
=0 0, otherwise, "0 0, otherwise.

4, fork =17,

Hence, X;[k] :{0 otherwise.

(b) X,[n]= sm( 3 )+300$( 4 ) i,{ejm”3 —e_jn”/3}+é{ejn”/4 +e /™4 The
period of s1n(3 ) is 6 and the period of 005(4 ) is 8. Hence, the period of X,[n] is the
GCM of (6,8) and is 24.
%,1k] :L{ 2z3€j8nn/24e—j2nkn/24 B ge—j8nn/24e—j2nkn/24}

2j

3023 . . 23 . .
+_{ 26]67m/24e j2nkn/24 Ye ]6Tcn/24e j2mkn /24
2 (n=0 n=0

1 {223 —j2mn(k-3)/24 223€—j2nn(k+3)/24}

2] n=0 n=0
- j12, k=3,
3| 23 _in _ 23 . - i12 k=21
2 j2nn(k—4)/24 j2nn(k+4)/24 _J Jis s
i 2 {nz()e ng()e } Hence X4l 36, k =4,20,
0, otherwise.

5.5 Let P[k] denote the coefficients of the Fourier series representation of p[n]. Since
pln] is periodic with a period N, then from Eq. (5.185b), we have

~ N-1 ik | N
Plkl= Y plnle™’ =1. Hence, from Eq. (5.185a) we get
n=0

~ LNV~ ommin  LNSY onmn

nl=— Y P[]/ TN = — % /TN,
plnl= X AL - §

- . . 0 .

56  X[k]= X(e/®) = X(e/?™INy = S yn]e IPRIN o <k <o,
o=21k/N n=—ow
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N-1 . . N-1{ o . .

k=0 N =0\ r=—o
1N » (k=) N
= > Sxl)e’ . Let /=n+rN. Then
k=0/=—00

~ N-1 i2mkr N-L 2 tkr
x[n]=— Z x[n+rN]| X e/ . But X e/ = N. Hence,
N k=0 k=0

r=-00

x[n] = §x[n +rN].

r=—00

~ N-1 N-1 .
@) Glkl= ¥ glnle />™n/N _ z F[nl5ln] e 2™/ N Now,

n=0 n=
N-1 . .
Tnl = — [rle= /2™ /N Therefore,
N r=0
- N-1N-1 . . . N .
G[k]:i X[r]y[n]e_]zn(k_r)n/N _i z X[I’] 3 y[n]e—jzn(k—r)n/N
N n=0r=0 N r=0o n=0
LS R 7k -
= — r r
N ;=0
- N-1. . . N-IN-1 . .
(b) h[n]=i X[k [k] /2™ n/N _ 1 S Y J[APk] /2RI N
N k=0 N 20,50
N-1 N-1. . -
=3 ?c[r]{l > Y[k eﬂ“"(""”)’NJ: > %1500 1.
r=0 N k=0 r=0

@) xa[n]:sin(2nn/N):%(ej2m/ N _=i2mINy  Therefore,
J

X, [k]= L_Nz_leﬂﬂn/Ne—jann/N _;Nile—jznnme—jznkn/zv
2] n=0 2] n=0
N-1 _. N-1 .
_ 1 y o /2mk=Dn/N —L_ Y o 2K+ DnIN - erom Eq. (5.11), the first sum is
2j n=0 2j 2o

equal to N when k=1 and O othereise. Likewise, from Eq. (5.11), the second sum is
equal to N when k=N —1 and O otherwise. Therefore,

N/2j, k=1,
X, kl=<-N/2j, k=N-1,
0, otherwise.

(b) xp[n] —cosz(zj\;"j ;+;cos(ivm). Now the N —point DFT of 1 is E for

k=0 and O otherwise. From Example 5.2, the N —point DFT of 005(4]7:;1) IS g for
k=2 and k=N-2 and O otherwise. Therefore,
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N/2, k=0,
Xplkl=4N/4, k=2,N-2,
0, otherwise.

(€) x.[n]= cos3(2mj = lcos(mj + 3cos(zmj. From Example 5.2, the N —point
N 4 N 4 N

DFT of cos(?/”] is % for k=3 and k=N -3 and 0 otherwise. Likewise, from

Example 5.2, the N —point DFT of cos[zfln) is % for k=1and k=N-1and 0

N/8, k=3,N-3,
otherwise. Therefore, X .[k]=<3N/8, k=1,N-1,
0, otherwise.

N-1 N-1 l—aWN  1-qa
5.9 (a) Y,lkl= 3 o"Wa'= 3 (aWg)" = N - .
n=0 n=0 1—OLWN l—OLWN

(b) Yylkl=2 SWE' -3 SWL". Assume first N iseven, i.e., N =2L. Then
k even k odd

kL
Y)[k]=2 5 WszZ’— Z W"(Z”l) 2 z 3wk, Sy _(2 3wk |1 WLk 0.
r=0 =0 r=0 1-Wf

Next, assume N is odd, i.e., N =2L+1. Then Y,[k]=2 ZWZkLzr -3 z Wk(zr“)

r=0 r=

k(L+1) k

1-w 1-wf 1-W

o ywhr —3W5, 5 WL’" =g —L—|-3wj L, Li=a.
r=0 r=0 1-w; 1—WL 1-W;

5.10 x{n] = cos(@,n) = %(ef%” +¢ /") 0<n<N-1. Therefore,

X[k] = lNilejwone—jznkn/N 1 Nzle j0on = j2nkn I N
2 n=0 2 n=0
IN-1 —j(C——o,n [ N-1 —j("—+w,)n
2 n=0 2 n=0
_](%—(DOJN —](74_0)0)]\]
_ l I—-e N 1 1-e
- 2 21k 2mk
-] 7—0)0 —Jj| —+o,
1-e l—e
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N-1 (N/2)-1 (N/2)-1
511 X[kl= ¥ AnlWik = X M2r Wit + T x2r+qwiFrt
n=0 r=0 r=0
(N/2)-1 iy L (N/2)-1 By
= > x[2r]W]<;/2 +WN > x[2r+1]W1(,/2
r=0 r=0
(N/2)-1 (N/2)-1
= Y W +Wy X Wi,
r=0 r=0

= Xo[k) y /2 1+ WEX k) v /2], 0< k< N -1,

N-1 L (NI2)-1 . N- )
512 X[kl= Y x[n]Wy = ¥ x[nlWy + Y x[n]Wy
n=0 n=0 n=N/2
(N/2)-1 (N/2)-1
=y Am W e w N2 Y e mwk
n=0 n=0 2
(N/2)-1
= 3 (x[n]+(—l)kx[%+n]jWﬁk. For k =2/, we get
n=0

1

N (N/2)-1

X[20)= X (x[n]+ x[ﬂ+n]jW1%nf = Y (x[n]+ x[ﬁ+n])W1’\1//2 = X,[/]
n=0 2 2 5
(N/2)-1
and for k=20+1 we get X[2/+1]= X [x[n]— x[%+ ”]jWJE/MH)n
n=0
(N/12)-1
= (x[n]+ x[%+n]ij\1f .W]’\l//z =X [/] where 0</< %_1_
n=0

5.13 g[n]= %(X[Zn] +x[2n+1]), hin] = %(x[Zn] —x[2n+1]),0<n < %— 1. Solving for
x[2n]and x[2n +1], we get x[2n] = g[n]+ h[n] and x[2n +1] = g[n]— A[n]. Therefore,

N-1 N/2)-1 N/2)-1
X[kl= ¥ x[n]Wf\}k:( z) x[2r]WA2,rk+( z) A2r + WD
n=0 r=0 r=0
(N/2)-1 (N/2)-1
= Y AW, +WE Y a2r+ W,
r=0 r=0
(N/2)-1 Tk k(N/Z)—l &
= 2 (@nl+hnDWy o +Wy X @lnl=hlnD)Wy 2
r=0 r=0
k (N/2)-1 & k (N/2)-1 &
=(1+WN) > g[l’l]WN/2 +(1—WN) > h[l’l]WN/2
r=0 r=0
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= (1+ WA)GIK) y 21+ (A= WA)HI(K) y /21, 0S k< N -1,

5.14 gln]=ayx[2n]+ ayrx[2n+1], hin] = azx[2n]—ayx[2n+1],0<n < %— 1, with

aysglnl—a,hin]
ajayg —ajnas

ajay # ayas. Solving for x[2n]and x[2n +1], we get x[2n] = and

- +ah
x[2n+1]= asglnl+a [n]. Therefore,
a1a4 — 612613
N-1 (N/2)-1 (N/2)-1
Xkl= X «nWik = 3 2wt + 3 arqwF R
n=0 r=0 r=0
(N/2)-1 " L (N /2)-1 "
= z X[ZV]W]’\}/z +WN Z x[2r+1]W]<,/2
r=0 r=0

_ (N/zz)_l(%g[r] —aphlr]

(NI2)=1( _ g g[n] + ayh[n]
r=0 \ @144 —azas

jWﬁk/z + Wy
r=0 ajay —apas
1

:—((a4 — a3 WEGIUK) v 21+ (—ay +a1W/§)H[<k>N,2]) 0<n<N-1.
ajay —a2a3

N-1 nk . N-1 20n
5.15 (a) Glk]l= X x[n]W,yp. For k even,ie., k=20, G[2/]= Y x[n]Wsy
n=0 n=0

N-1 ,
= Y x[nl5y = X[/],0</<N-1.

n=0
2N-1 v
(b) Hlkl= Y x[n—NI]Wyxn. Let m=n—N or n=m+N. Then
n=N
N-1 N-1
Hkl= 3 xmWin ™% = %S xmWji. For k even, ie., k=2,
m=0 m=0
N-1 20 N-1 /
H[20= ¥ xnWin" = 3 x(n]Wy" = X[, 0< (<N -1,
n=0 n=0
2N-1 L 2Nl . _
516 Y[kl= Y ynWsh = 3 (glnl+hn)W3 = GIk1+ H[k]. For k even, i.e.,
n=0 n=0

k=20, Y[2/]=G[2/]+ H[2/]=2X[/],0< /<N -1.
N-1

. B _N-L Q+Dn _ n oy ln
For k odd, i.e., k=2/+1, G[2/+1]= 3 x(n]Wyy = Y x[n]WoyWy  and
N-1 204+Dn N-1 n In
H[2/+1]=- 3 x[”]WZN == x[nWoyWy =-G[2(+1],0</<N-1.

Hence, for k=2/+1, Y[2/+1]1=G[2¢/+1]-G[2/+1]=0,0< /<N —1.
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MN - nk N1 nk
5.17 Y[k] = > y[l’l]WMN = Z X[I’Z]WMN Thus,
n=0

YiM) = S Wik =S Wik = XikL
n=0

n:

5.18

N-1 v N-1 _
5.19 (a) Now, X[N/2]= Y x[n]Wy = Y (=D)"x[n]. Hence if x[n]=x[N —-1-n]
n=0 n=0
N-1
and N iseven, then X[N/2]= Y (-D"*x[n]=
n=0

N-1
(b) X[0]= > x[n]. Hence if x[n]=—-x[N —1-n], then X[0] =
n=0

N-1 (N/2)-1 N-1
© X[200= ¥ AmWF" =Y xnWF"+ X snwi
n=0 n=0 n—(N/Z)—l
(N/2)-1 (N/2)-1
= Y AW+ Y An+ ]W,%”f - z (x[n]+x[n+M])W22,{}” Hence if
n=0 n=0

x[n]=—x[n+ M], then X[2/]=0 for 0</ <M 1

N-1 5 (N/12)-1 5 N—1 )
520 X[2m]l= 3 «nIw{q™ = X «AnlWF™ + X An]w{F™
n=0 n=0 n=N/2
(N12)-1 N/2-1 (N/12)-1
= 3 Wi+ 3 An+ ] wEmw N =y (x[n]+x[n+ )Wz’”” =0,
n=0 n=0 2 n=0
N

0<m< > 1. This implies x[n]+ x[n + ] 0.

5.21 (a) Using the circular convolution property of the DFT given in Table 5.3, we get
DFT{(n—my) 3= W™ X[k] and DFT{x[(n—my) y }=WA""2 X[k].

Hence, W[k]= DFT{w[n]}= W™ XK1+ WA""2 X[k] = (W A" + W™ ) XTK].

(b) g[n]= ;(x[n] + (=" x[n])= ;(x[n] N 2)”x[n]) Using the circular
convolution property of the DFT given in Table 5.3, we get
GlK] = DFT{elnl} = L {1kl + X[k - ) v

(c) Using the circular convolution property of the DFT given in Table 5.3, we get
Y[k] = DFT{y{n]} = X[k]- X[k] = X [k].
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522 (a) DFT{x[<n—{Z> N}: w e X[k = (~)* X[k]. Hence,

5.23

5.24

2X[k], for k odd,

N k
Ulk] = DFT{u[n]} = DFTéc[n]—XKH —2>N}= XLk] = (0" XT#] ={ 0, for k even.

(b) V[k]= DFT{n]}= DFT{x[n] —x[n- g]} = X[k]+ X[k] = 2XTk].

©) y[n]l=(=1D)"xn]= W]S,N / 2)”x[n]. Hence, using the circular frequency-shifting
property of the DFT given in Table 5.3, we get

N
Y[k] = DFT{{n]} = DFTI M/ 2)”x[n]}= Xi(k=2) w1,

(a) From the circular frequency-shifting property of the DFT given in Table 5.3, we get
IDFT{X[(k —my) y} =Wyt x{n] and IDFT{X[(k —mp) n} =Wy "2"x[n]. Hence,
win] = IDFT{W[k]} = IDFT{aX[(k —my) y }+ BX[Ck —mp) N }

= aW];mlnx[n] + ﬁW&mznx[n] = (aW];mln + /)’W];mzn)x[n].

(b) Glk]= %(X[k] + (<) X[k]) = ;(X[k] sy Z)kX[k]) Using the circular
time-shifting property of the DFT given in Table 5.3, we get

gl = IDFT{GIKT}= 3 (+l+ 3~ ) )

(c) Using the modulation property of the DFT given in Table 5.3, we get

y[n] = IDFT{YkT} = N - x[n]- x[n] = N - x2[n].

N1 oy (V12)-1 ) N-1 )
@) X[2m]l= X x[n]wy™ = T AndW§™ + X n]wy™
n=0 n=0 n=N/[2
(N/2)-1 ) N
= ¥ An]wi™ + x[n+ W 2
n=0 n=0
(N/2)-1
= X x[n]W]%mn + X x[n+—]W]$mnW]\}m
n=0
(N/2)-1
= X (x[n]+x[n+
n=0

(N12)-1
)Wﬁm” = Y (x[n]- x[n])W]g;mn =0,0<m< g—l.

n=0

N-1 4in
(b) X[40]= 3 x[n)Wr
n=0
(N/4)-1 (N/2)-1 (3N /4)-1 N-1
= Y AN+ a3 AnWRT S W
n=0 n=N/4 n=N/2 n=3N/4
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5.25

5.26

N4 N 3
4 40(n+=") 40(n+ ) A40(n+>0)
=y [x[n] ij'/" + x[n + %] Wy 4 +xn+ ]W 2"y x[n+ 3TN] Wy 4 ]
n=0

N

-1
4
=3 (x[n] + x[n+ %] W]f}n + x[n+ %] W]%/n + x[n+ 3TN] Wf}g”) W]yn

n=0
N

4
= Y (x[n]- X[n]+ xn]-An) " =0 as W =wi™N =wHN =1.
n=0

(@) X[N-—k]= Nz_lx[n] Nk Nz_lx[n] Wk + X *[k].
n=0 n=0

1 N 1
(b) X[0]= X xMn]wQ Txin] which is real.

n—O n=0

©) X[Y ]— z [ N2 = z ( 1)"x[n] which is real.

X[k]="3 n]Wik.

n=0

N-1
(@) X*[k]= X x*[n]W]Q”k. Replacing n by N —n in the summation we obtain

n=0

X =S 2 [N ] Nk St v =] Wik, Thus,
n=0 n=0
DFT{x*[N —n]}= DFT{x*[(-n) y} = X *[£].

(b) Re{x[n]}= %{x[n] +x*[n]}. Taking the DFT of both sides and using the results

of Part (a) we get DFT{Re{x{n]}} = ; {X[k]+ X *L-k) v}

(©) jim{afal} = {xln]—x*[x]}. Thus, DFT{jIm{xfn]}} =" {X[k]- X *[-k) v }
(d) xu[n]= %{x[n] +x*[(-n) y]}. Using the linearity property and results of Part (b)
we get DFT{xc, [n]} = J{XTk]+ X *[k]} = Re{X[k]}.

() xeqln] = {xfn] - x*[¢=n) ¥ T}. Using the linearity property and results of Part (b)

we get DFT{x_,[#]}= %{X[k] - X *[k]}=jIm{X[k]}.
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5.27 Since for a real sequence, x[n]= x*[n], taking the DFT of both sides we get
X[k]= X *[{(—k) y]. Thisimplies
Re{X[kI}+ jIm{X[k]} = Re{X[(~k) y I} — j IM{X[(—k) v 1}
Comparing real and imaginary parts we get Re{X[k]} = Re{X[(-k) ]} and
Im{X[£1} = - Im{X[(-k) y 1}

Also, |X[k] = J (Re{XTKkI})? + (IM{X[,]}?
= V(Re{XT(-k) y TH? + (IM{X k) y TH? =|X[¢=k) y ] and

_ o=t IMXTATYY i —IMXTER NI _
arg{X[k]}= tan [Re{X[k]}}_tan [Re{X[(—k)N]}J_ arg{X[(-k) v 1}-

528 (a) xi[(-myg]l={4 3 -5 1 -2 -2 1 -5 3}=xq[n]. Thus, xy[n] isa
circular even sequence and hence, it has a real-valued 9-point DFT.

(b) xo[(=myg]l={0 -5 -1 -4 3 -3 4 1 5}=-xy[n]. Thus, xy[n] isa
circular odd sequence and hence, it has an imaginaryl-valued 9-point DFT.
() x3[(-n)g]l={0 -5 -1 -4 3 -3 4 2 -5} which is neither equal to
x5[n] nor equal to —x,[n]. Thus, x3[n] has a complex-valued 9-point DFT.
(d) x4[(-nygl={-5 5 -2 2 4 4 2 -2 5}=xy[n]. Thus, x4[n] isa
circular even sequence and hence, it has a real-valued 9-point DFT.

5.29 (a) h[n]=g[(n—5)g]. Hence, H[k]=Wgz *G[k]= e "™ /8G[k]= />4 G[k]

={2.6+j4.1, ™43 - j2.7), 72 (—42+ j1.4), /P H(35- j2.6),
e77(0.5), /P 413+ ja.4), /224 j1.6), /P 43+ j1.6)).

(b) HIK]=GI(k+3)g]. Hence, An]=WSgln]=e /o™ 8g[n] = e~/ 4 g[p]

={-0.1- /0.7, e 737413+ j), e /%224 j0.7), /74 (1.1+ j2.2),

e=/37(~0.8+ j0.2), e /4(3.4- j0.1), e /92 (—1.2+ j3.0), e /24 (j15)}.
5.30 (a) y[n]= ag[n]+ Bh[n]. Therefore,

N-1 i N=l & N-1 ”
Y[k] = Zoy[n]WN = Zog[n]WN +p Zoh[n]WN = aGlk]+ BH[K].

(b) xlrl=gl(nn,) ] Therefore, X[kl="S gltn—rn,) 1WAk
n=0
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no—l

=S eV = W+ S gl = 10
n=0 n=n,

- N-
T 1L 4 G S O A G L z Lot = Wik G,

n=N-n, n=0 n=0

(©) uln] =Wyt

N-—
g[n]. Therefore, Ulk]= ¥ uln]W{ = z g[n]W(k ko)
n—O =0
N-1
L L
n:
-1

NZ ol ]W(N+k ko, )n

, If k<k,.
Glk-k,],
Thus, U[k]={ L=k, ]

if k>k  Glk—k Y]
GIN+k—k,], if k<k,, 0/N

if k>k,,

N-1 N-1
(d) A[n]=G[n]. Therefore, H[k]= X, h[nIW = % GnWi*
n=0 n=0

Z_ glr W wi = Z g[r] Z W(k”)" The second sum is nonzero only if

n=0 r=0 n=0
k=r

Z
r=0
=0 orelseif r=N—-k and &k # 0. Hence,
Ngl0],
H[k] = {

if k= O’—N i
N[N —&], if k>0, NELERN]

(€) u

S elmhl(en—m) v1. Therefore, U[k]= S et — m) v Wik
m=0 n=0m=0
N-1 -1 n N-1 mk
= 2 glm] Zh[< n-my1Wy = > glmlH[k]WN" = H[k]Gl[k]
m=0 n=0 m=0
1 N-IN-1
5.31

" 1N N-1 .
Zg n]h*[n]—— > 2 GIkIWNy ™" h*[n]=— % Glk] 2 h*[n]Wy
n=0 N =0 k=0 Nk=0 n=0
= LN Gk 1)
N k=0 '

Ik N-1{ N-1
532 DFT{7 [/1} =R, [(]= z Vo [IWN = Z(
=0

Zx[n]y[<f+n>N]Wz€k
/=0\n=0
N-1 Ik N-1
= > x[n] X y[L+n)yIWy
n=0 /=0 n

SRS MmIW = ”)]
=0 =0
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5.33

5.34

5.35

N-1 —nk N-1 ‘m
= x[n]Wy > ymWyo | = X *[k]Y[k].
n=0 (=0

Note X[k] is the MN —point DFT of the sequence x,[n] obtained from x[n] by
appending it with M(N —1) zeros. Thus, the length- MN sequence y[n] is given by

M-1
yinl= X x,[(n=Nl)pyn]l,0<n<MN-1. Taking the MN —-DFT of both sides we
=0

-1 -1
get Y[k] = (Mz Wﬁ%jX[k] = (Mz wi jX[k].
(=0 (=0

9
(a) X[0]= X x[n]=30.
n=0

9
(b) X[51= X(-D)"x{n]=0.
n=0

9
©) Y X[k]=10-x[0]=-30.
k=0

. 9 .
(d) The inverse DFT of e 215 X1k s x{{n—2)10]. Thus, S e /2K IS x k]
k=0
=10-x[(0-2)19]=10-x[8] =-100.

9 9
(e) From Parseval’s relation, 3 |X[k]|2 =10- 3 |x[n]|2 =38600.
k=0 n=0

X[71=X*[(-T12]1=X*[51=2—j, X[8]=X*[(-8)12]=X*[4]=-3-2,
X[9]=X*[(-D12]1=X*[3]=6— 3, X[10]=X*[(-10)15]=X*[2]=1+ /12,
X[11]= X *[(=11)15 ] = X *[1] =8 + j2.

1

11
(@) x[0]=— X X[k]=45,
12 k=0

1 U k
(b) x[6]=— X (-D" X[k]=-0.8333,
12 ;=0

11
(c) Xxln]=X[0]=11,
n=0

(d) Let g[n]=e/>™/3x[n] =W x[n]. Then, DFT{W>" x[n]} = X[k —4) 15 ].

11 TP
Thus, Y gln]= Sel x[n]=X[(0-4);,]1=X[8] =-3-j2,
n=0 n=0
1l , 11 5
(€) From Parseval’s relation, ¥ |x{n] =5 Y [X[k]|” =74.8333.
k=0

n=
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6
5.36 Now, yc[n]l= X gll1h[{n—"/)7]. Hence,
£=0

yc[01= g[O]A[0] + g[11A[6] + g[2]h[S]+ g[31h[4] + g[4]Al3]+ g[S]h[2] + g[6]Al1],
ye 1= glO1h{1]+ g[11A[0] + g[2]h[6]+ g[31h[S5]+ g[4]1A[4] + g[5]1h[3] + g[6]A[2],
yel2]1= glOJAl2] + g[11Al1] + g[2] A[O] + g[31A[6] + g[41h[5]+ g[S1h[4] + g[6]Al3],
yc[31= glO01h[3]+ g[11h[2] + g[2] A[1] + g[3]h[0] + g[4]A[6] + g[S1A[S] + g[6]1A[4],
yel4]=glO01n[4] + g[11h[3] + g[2]h[2] + g[3]A[1] + g[41A[0] + g[S]A[6] + g[6]Al5],
ycl51= glO1h[5]+ g[11h[4]+ g[2]1h[3]+ g[3]h[2
ycl6]= glO01h[6]+ g[11h[5] + g[2]1A[4] + g[3]1h[3

1+ gl41h[1]+ g[5]A[0] + g[6]A[6],
1+ gl41h[2] + g[5]1h[1] + g[6]A[O].

6
Likewise, y;[n]= > g[/]hln—/]. Hence,
=0

y[0] = g[O]A[0],

yr[11= glOJA[1] + g[1]A[0],

yL[2]= glOJA[2] + g[1]A[1] + g[2]A[O],

yr[31= glOJA[3]+ gl11h[2] + gl 2]A[1] + g[3]A[O0],

yp[41= glOJA[4] + g11h[3] + g[2]A[2] + g[3]A[1] + g[4]A[O],

yL[51= glO1A[S]+ g[11A[4] + g[21A[3] + g[31h[2] + g[4]A[1] + g[ 5]A[O],
yL[6]= glO1n[6]+ g[11A[5] + g[21h[4] + g[31h[3] + g[4]n[2] + g[S1A[1] + g[6]A[O],
yrl71= gl1]al6] + g[2]h[S]+ g[31h[4] + g[4]A[3] + g[S1A[2] + g[6]A[1],
yL[8]= g[21h[6] + g[31h[S] + g[41h[4]+ g[5]A[3] + g[6]A[2],

yL[91= g31h[6] + g[41h[5]+ g[51h[4]+ g[6]A[3],

yL[10] = g[4]h[6]+ g[5]1A[S] + g[6]A[4],

yr[11] = g[51h[6]+ g[6]A[5],

yp[12] = g[6]n[6].

Comparing yc[n] with y; [n] we observe that
yelOl=y [01+y, 7],

yelll=yp[11+yL[8],

yel21=y 21+ y 9],
yel31=yp[3]1+y[10],
yel4l=yp[4]1+y,[11],

yelS1=yp[51+y [12],

ycl6l=yL[6].

5.37 Since x[n] is a length-9 real sequence, its DFT satisfies X[k] = X *[(—k)q]. Therefore,
X[1]=X*[(-Dgl=X*[8]=-7.7+ j3.2,
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5.38

X[3] = X *[(~3)g] = X *[6] = 8.6 + j9.6,
X[5]= X *[(~5)9] = X *[4] = —3.5— j5.3,
X[7]= X*[(-T)o]= X *[2] =12+ j4.1.

X[1]= X *[(-1)g]= X *[8] =4.5— /1.6,
X[4]=X*[(-4)g]= X *[5]=-3.1— 8.2,
X[6]=X*[(-6)g]=X*[3]=-7.2+4.1],
X[7]=X*[{(-Tygl= X *[2] =12+ j2.3.

5.39 Since the DFT X[k] is real-valued, x[n] is a circularly even sequence, i.e.,

x[n] = x[(—n);5]. Therefore,
1] = x[(-Dp]={11]=-2,
x[4]=x[(-4)12]1=x[8]=9.3,
7] =x[(T)12]1=x[5]=4.1,
291 = x[(-9)15 1= x[3]1 = -3.25,
x{10] = x[(~10)121 = x[2] = 0.7.

5.40 Since the DFT X[k] is imaginary-valued, x[n] is a circularly odd sequence, i.e.,

541

x[n] = —x[(-n)1,]. Therefore,
x[7]==x[(-7)12]1=—x[5]=9.3,
x[8] = —x[(-8)12]1=—x[4] =-2.87,
x[9] =—=x[{(-9)12]1=—x[3] =41,
x[10] = —x[(~10)12 ] = —x{2] = 3.25,
1] =—x(—-11)12]=—x[1]=-0.7.

X[kl = X *[(~k) 741 = X *[174 — k].
X[9]= X *[174 —9] = X *[165] = —3.4+ j5.9 = X[165]=-3.4— j5..
X[51]= X *[174—51]= X *[123]=5-j1.6 = X[123]=5+ j1.6.

X[113]= X *[174 —113] = X *[61] =8.7— j4.9 = X[61]=8.7 + j4.9.
X[162]= X *[174 -162] = X *[12] = 7.1- j2.4 = X[12]=7.1+ j2.4.
Xlky]1=7.1+ j2.4, X[ky]=8.7+ j4.9, X[k3]1=5+ j1.6, X[kg]=-3.4— j5.9.

(a) Comparing these 4 DFT samples with the DFT samples given above we conclude
ki =12, ky =61, ky =123, ks =165.
(b) dcvalue of {x[n]} = X[0]=11.

1

173 —kn 1 —on ~5In
(©) xnl=— ¥ XIKIW7" = ——(X[0]+ 2Re(X[91W75"} + 2 Re{X[STIW73")
174 5, 174

+ X[871Wi75 " + 2 Re(X[113]W74 "} + 2 Re {X[162]W7,02"})
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(d) z |x n’ =— z |x k° =86.0279.

5.42 X[k]= X *[(=k) 106 1= X *[126 —k].
X[0]=12.8+ jo.
X[13]= X *[126 —13] = X *[113] ==3.7+ j2.2 = X[113]=-3.7— j2.2.
X[51] = X #[126 — 51] = X *[75] = —j1.7 = X[75] = j1.7.
X[13]= X *[126 —13] = X *[113] ==3.7+ j2.2 = X[113]=-3.7— j2.2.
Xlki]1=X*[126—k;]=9.1— j5.4 = X[126—k;]=9.1+ j5.4.
Xlky]=X*[126—ky]=6.3+ j2.3 = X[126—ky]=6.3— j2.3.
Xlk3]=X*[126—k3]=y+ j1.7 = X[126 — k3] =y — jL.7.
Xlky]=X*[126—ky]=-3.7—j2.2 = X[126— k4] =-3.7+ j2.2.

(a) (b) Since x[n] is a real-valued sequence of length 126, X[0] and X[63] must be
real. Thus, ao=0 and =0. As X[126—-k;] and X[108] have the same imaginary
part, e=9.1 and k; =126 -108 =18. Likewise, as X[k, ] and X[79] have the same
real part, 6 =-2.3 and k, =126-79 =47. Similarly, as X[126 —k3] and X[51] have
the same imaginary part, y =0 and k3 =126 -51=75. Finally, as

Xlkq]=X[113], k4 =113.

(c) dc value of x[n] is X[0]=12.8.

1 125 —kn 1 B .
(d)x[n]zl— Z X[k]lelg =ﬁ(X[0]+2Re{X[13]W12%6n /126,

+2Re{X[18] wl—zgm 1126} 1 2 Re(X[47IW) 0 ™/ 120} 4 XT631W 2™

125 )
(e) Z Ix[n]l =126,2 |X[k]| —5.767.

5.43 Y[k]=W; 2k X[k] =Wy ¥ X[k]. Therefore, y[n] = x[(n—6)¢]. Thus,
)0l = x[3] =4, y[1] = 2[4] = -3, y[2] = [5] = 5, V31 = x{6]1=-2, y[41= x[7] = -2,
y[51=x[8]=4, y[6]=x[0]=3, y[7]= x[1]=5, y[8] = x[2] =1.

5.44 Hlkl=H*[(-k)g]=X*[9—k]. Hence, H[5]=H *[4]=-6.876 — j11.4883,

H[6]=H *[3]=-;8.6603, H[7] = H *[2] = 6.0346 + j1.957,
H[8]=H *[1] =6.8414 + j6.0572.
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Glk]=H[{k -

6)9], 0<k<8. Thus, G[O

=H[(1-6)9]=H[4]=-6.876— ]11.4883,

G[2]=H[{2-

G[3] = H[(3 -
G[4] H[{4 -
G[5] = H[(5—
G[6] HI(6 -

= H[(7-
G[8] = H[(8 -

6)9]= H[5] = H *[4] = —6.876 + j11.4883,
6)91=H[6] = [ 1= —78.6603,

6)9]= H[7]= H *[2] = 6.0346 + j1.957,
6)g]=H[8] = [1] 6.8414 + j.0572,
6)9]= H[0] =15,

6)9]= H[l] 6.8414 — j6.0572,
6)9]=H[2]=6.0346 — j1.957.

5.45 (a) yp[0]=g[0]A[0] = —
yr[11= glO]A[1]+ g[1]A[0] = 10,

ypl2]=
v [3]1=
yrl[4]=

yL[5]1=

(b) yclOl=

yelll=
vel2]=

yel3l=

G,[0]
Gll]

(C) Ge [2] -

G,l3]

HI0]
HI1]

H[2]|

H[3]
Y c [0]

Yelll
Ycl2]
Ycl3]

1 1 1 172 4
|1 =i -1 j=1|_|-1+J

1 -2

1t o=j -1 4| |-4-J5
1 -1 2 '
1 -1

“|G,[21H[2]| | -18 |

glOJA[2] + g[1]A[1] + g[2]A[0] = —
glOJAL3]+ g[11h[2] + g[2]A[1] =
g3+ g[2]h[2] =

gl2]1A[3] = -

8e[O01h[0]+ g [11A[3]+ g [21h[2] + g, [3]A[1]

= g[0]A[0] + g[11A[3]+ g[2]A[2] =3,

8e[01A[1]+ g, [11A[0]+ 8 [2]A[3] + g [3]A[2]

= g[O]A[1] + g[11A[0] + g[2]h[3] =
8e[01AI2]+ g [11h[1]+ g, [2]h[0] + g, [3]Al3]
= glO1A[2]+ g[1]A[1] + g[2]A[0] = -
8elO)AL3]+ g [11AI2]+ g (2] A[1] + g [3]A[O]
= g[0]A[3]+ g[11A[2]+ g[2]A[1] =

3 6

—1-j

1 -1 1 -1
LJj -1 Jj]

I 1 1 3

1 -1 | -3
j -1 jL=1] |-4+J5

G,[0]H[0] 12 ]

_| GlUHIL | 19+ 7| Tharefore

G,[31H[3]| L9—J]
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ycl0] 1 1 1 1712 3

yelll|_1|1 j =1 —j|[9+j|_| 7

vel2l| " 41 -1 1 —1||-18| |-6]
L :

ycl3]

d) g.nl=[2, -1, 3, 0, 0, 0] h[nl=[-2, 4, 2, -1, 0, 0]

ycl01=g.[01h,[0]+ g [11h,[5]1+ g.[2]h, [4]+ g [31h,[3]+ g [41R,[2]+ g [5],[1]
= g[0JA[0] =—4 =y, [O],

yelll1=g.[0)h,[1]1+ g, [11h,[0] + g.[2]1N,[S]+ g, [31h.[6] + g.[4)h,[3]1+ g, [S]h,[2]
= g[01A[1]+ g[1]h[0] =10 = y, [1],

e 21 = g [01h,[2]+ g [11 A [1]+ g, [2]1h,[0]+ g, [3]1h,[5] + g, [4]1h.[4]+ g, [5]h,[3]
= g[O0JAl2] + g[1]A[1] + g[2]A[0] = —6 = y [2],

ycl31=8e[01h,[31+ g (117 [2]+ g [21h [1]+ 8 [31h,[0] + g, [41 R [S]+ g [5]N.[4]
= glOJA[3] + g[1]n[2]+ g[21A[1] =8 = y [3],

ycl4]= g [01h[4]+ g [11h,[3]1+ 8. [2]1h, (2] + g, [3] N [1]+ 8,[41h,[0]+ g,[5]h,[5]
= g[1h[3]+ g[2]h[2] =T =y [4],

ycl5]=ge[01h,[5]1+ g [11h,[4]+ g [21h, [3]+ g [31h [2] + g.[41h,[1]+ g.[5]h,[0]
= g[2]n[3]=-3 =y [5].

5.46 We need to show g[n]@A[n] = hln]@ gln]. Let

N-1
x[n] = glnl@Ahln]= X glmlhl[(n—m)y] and

m=0
N-1 n N-1
Mnl=hnl@glnl= Xhlmlg[(n—-m)n] = Xhlmlgln—m]+ X hlmlg[N +n—m]
m=0 m=0 m=n+1
n N-1 N-1
= Yhln—mlglm]+ X h[N+n—mlglm]= 3 h[{n—m)y]glm]=x[n].
m=0 m=n+1 m=0

N-1
547 (a) yln]l=x1[n]l@xy[n]= X xi[mlxy[{(n—m)p] Thus,

m=0

N-1 N-1 N-1 N-1 N-1
2Hnl= Zxi[m] Zx[{n—m)y] =( Zm[ﬂ}( ZxQ[n]J-
n=0 m=0 n=0 n=0 n=0

(b)

N-1 N-1 N-1

> D"ynl= Tx[ml ¥ x{{n—m)n1(-D"
n=0 m=0 n=0

N-1 m—1 N-1
:£ le[m]]( > x[N+m-n](-1)"+ ¥ xz[m—n](—l)n]. Replacing n by

m=0 n=0 n=m
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N +n—m in the first sum on the right-hand side and by n—m in the second sum on
the right-hand side we obtain

N-1 n N-1 m-1 n—N+m N-1 n+m
Y Dyl =] Xxlm]| X xp[nl(=1) + 2 xo[n](-D
n=0 n=m

n=0 m=0
N-1 n N-1 "
=l 2 D7xqnl| X (=D xy[n]}
n=0 n=0
N N4
. y[n]—x[3n],0SnS?—l. Therefore, Y[k]l= X y[nlWy 3 = X x[4n]Wy' 3.
n= n=
Now, xn] = - z_ Xmw™ = LS mwm. Hence,
N m=0 A]m—O
ﬁ Iy N
1 -1 nk 1 NS 3 (k—=m)n
Y[k]=— Z Z X[mIWNTEWN 3 =— Z X[m] Z WN/3 . Since
A’n 0m=0 N m=0 =
Af_l N
Z‘M%JMn_ ?”n kk+ k+ k+N’Tm&
n=0 0, elsewhere

YIk]= (X[k]+X[k+]+X[k+]+X[k+N])

5.49 v[n]= x[n]+ jyln]. Hence, X[k]= %{V[k]+V*[<—k>8]} is the 8—point DFT of x[n]

and Y[k] :le{V[k]—V*K—k)g]} is the 8—point DFT of y[n].

VIKI=[3+j7, -2+j6, 1-j5 4—j9, 5+j2, 3-j2, j4 -3-,8]
VE(—kyg1=[3+ 7, —=3+j8, —j4 3+,2, 5-j2, 4+j9, 1+j5 -2-j6]

Therefore,
. 5 . 1 9 7 7 7 7 1 .9 5 .
X[k]_|i3+.]77 _§+J7’ §+J57 E_JE’ Sa E"'JE’ 5_15’ 2_]7j|7
.1 1 .1 1 .1 11 .1 1 .1 .1
YM]—PL _1_]5, Ty Ty Ty 2, EREEE EREE N 1+]2}

The IDFT of V[k] obtained using MATLAB is given by

Columns 1 through 4

1.3750 - 0.62501 -0.8044 + 1.7223i -1.7500 + 1.25001
-0.9331 - 0.11871

Columns 5 through 8

0.8750 + 2.62501 2.5544 - 0.22231 3.5000 + 1.25001
-1.8169 + 1.11871
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The same result is obtained by computing the IDFT x[n] of X[k] and the IDFT y[n]
of Y[k] using MATLAB and then forming x[n]+ jy[n].

550 vn]=glnl+ jhln]=[2-j2, -1+ j4, 3+j2, —j| Therefore,

viol| ftr 1 1 1]} 2-Jj2 4+ )3
VIT| |1 =j =1 j ||-1+j4| | 4-j3
V2| |1 -1 1 =1 3+j2 | | 6-,3
vl LtoJ -1 =) - -6-j5
VIkl=[4+j3, 4-j3, 6-j3, —6-;5]

Thus,V*[(—k>4]:[4+j3, -6+ j5, 6+ 3, 4+j31 Therefore,

G[k]:%(V[k]+V*[<—k>4])=[4, ~1+j, 6, —1-j] and

s Iey

H[k]=;j(V[k]—v*[<—k>4])=[3, —4-j5, =3, —4+j5]

551 Let p[n]=IDFT{P[k]}. Thus,

022 S R TR W ~1.25
pll|_1i1 j =1 —j||=2+/5|_|-4.75

pl21] 4|1 -1 1 -1 4 0.75

3] 1 —-j -1 j||[-2-j5] L025
d[0]] 1‘1 11 1] 3 |

dij|_ 11 j -1 —j|[4+j]_| 2

a21l=ah 211 | =7 7|3t Therefore,
I O A S A | A I

—125-4.75¢77° £0.75¢772° £ 0.25¢773®
1426 70 _3,7720 L 3, j30
552 Let p[n]=IDFT{P[k]}. Thus,

X(e/®) =

o1l 11 o1 1 8 ] [-125

plll|_ 1|1 j -1 —j||-5-j6|_| 575

pl21| 4l -1 1 -1} -3 3.75

pl3] |1 —j -1 j||-5+j6] [-025

[ d[0]] oo 3 s

dip|_1i1 j o =1 —j|[4+j|_|-375

d[2] _4 1 -1 1 -1 _7 - _325 . Therefore,
diBl L - -1 jl4-i) L5

—1.25+54.75¢7° +3.75¢7729 (25,773
275-375¢ 7 32507720 _1 75,7 3®

X(el®) =

. N-1 . R N-1 )
553 X(e/®)= 3 xn]e /" and X[k]= 3 x[n]e /2 M Now,
n=0 n=0
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5.54

5.55

1 M-1 N-1

M ;=0 M k=0 m=0
N-1 N-1 . 0

R N D Gl L SN}
m=0 k=0 F=—00

Thus, x[n] is obtained by shifting x[n] in multiples of M and adding the shifted
copies. Since the new sequence is obtained by shifting in multiples of hence, to recover
the original sequence take any consecutive N samples in the range 0 <n <N —1 for
any value of r. This would be true only if the shifted copies of x[n] did not overlap
with each other, that is, if and only if M > N.

, 8 . 8 .
(@) X(e/®)= Y x[n]le /®". Therefore, X[k]= > x[n]e /2™ /12 Henge,

n=0 n=0
11 . 11( 8 . .
xl[n]:i S X[k]e 20 /12 _ 1 S |5 e 2Tm/12 | j2nkn 12
12 k=0 12 k=0\m=0

18 W omkm-mynz 2 :
=— Y x[m] X ¢’ = Y x[n+12r] using the results of Problem 5.53.
12,020 k=0 r=—o0
Since M =12 and N =9, M > N, and hence, x[n] is recoverable from x;[n]. In fact
xi[nl={1, -2, 3, -4, 5, -4, 3, -2, 1, 0, 0, 0},0<n<11, and x[n] is

given by the first 9 samples of x;[n].

8 .
(b) Here, X,[k]= > x[n]e /2™ /8 Hence,

n=0
7 ~ 7 ( 8 . ,
_xl[n] =l ZX[k]eJZTCkn/S =l > ( Zx[m]eJZTtkm/S]ejznkn/g
8 k=0 8 k=0\m=0
L3 L jamk(n-m)is _ & .
=2 X xlm] ¥ ¢’ = Y x[n+8r] using the results of Problem 5.53.
mZO k:O y=—00

Since M =8 and N =9, M < N, and hence, x[n] is not recoverable from x[n]. In
fact xy[(n]=[2, -2, 3, -4, 5 -4, 3, -2, 2, -1, 1l0<n<]10.

1 N-1 —kn
x[n]l=— Y X[k]Wy™". Let n=N—m. Then,
N k=0

N-1 N-1
sml =5 XpwgE=m - L xpqwkn = L pixa). Therefore,
N k=0 N =0 N

AN —n] =%T{X[k]} =% FL{Fixinl}). or. F{F(inl})} = N 2N —n]. Hence,
FLFLF{F )} = N2 XN —n].
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5.56

5.57

5.58

5.59

100 100 36
yin] = x[n]®@h[n]= Y xlklh[n—k]l= Y hlklx[n—k]= X hlk]x[n—k].
k=0 k=0 k=17

50 36
uln] = x[nl@hlnl= Zhlklx[n—k)s 1= X hlklx[(n—k)s].
k=0 k=17

Now, for n =36, x[(n—k)5;]= x[n—k]. Thus, y[rn]=u[n] for 36 <n < 50.

(a) Overlap-add method: Since the impulse response is of length and the DFT size to
be used is 128, hence, the number of data samples required for each convolution will be
128 -109 =19. Thus the total number of DFTs required for the length-1300 data

sequence is F;;)()—’ =69. Also, the DFT of the impulse response needs to be computed

once. Hence, the total number of DFTs used are = 69 +1="70. The total number of
IDFTs used are = 69.

(b) Overlap-save method: In this case, since the first 110—1=109 points are lost, we
need to pad the data sequence with 109 zeros for a total length of 1409. Again, each
convolution will result in 128 —109 =19 correct values. Thus the total number of

DFTs required for the data are P‘l‘gﬂ =75. Again, 1 DFT is required for the impulse

response. The total number of DFTs used are 75+1=76. The total number of IDFTs
used are = 75.

_Jx[n/L], n=0,L2L,....(N-1)L,

(2) yln] _{ 0, elsewhere.

NL-1 k N-1 Ik N-1 k
Ylkl= 3 ynlWy[ = 3 xnlWy[" = X x[n]Wx~©. For k>N, let k =k, +rN

n=0 n=0 n=0

3 B _ M-l n(ky+rN) _ N1 nk,
where k, = (k). Then, Y[k]=Y[k, +rN]= ¥ x[n]Wy = X x[n]Wy
n=0 n=0

= X[k, 1= X[{k) v 1.
(b) Since Y[k]= X[(k)5] for 0 <k <20, asketch of Y[k] is thus as shown below.

xolnl = x[2n+ 1]+ x[2n], x1[n] = x[2n+ 1] - x[2n], yo[n] = y[2n+ 1]+ y[2n], and
yiln]l=y[2n+1]-y[2n],0<n < % —1. Since x[n] and y[n] are real, symmetric
sequences, it follows that x([z] and yy[n] are real, symmetric sequences, and x;[#]
and y;[n]are real, antisymmetric sequences. Now, consider the %—Iength sequence

uln] = xo[n]+ y;[n]+ j(x;[n]+ yo[nl). Its conjugate sequence is given by
w*[n] = xo[n]+ yi[n]— j(x;[n]+ yo[nl) Next, we observe that
u[(~nYn 21=xo[=n) 21+ V1[5 2 1+ (i [=n) 12 1+ Yol-n) v /2 1)
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= xo[n] -y [n]+ j(= x;[n]+ yo[nl). Its conjugate sequence is given by

w*[(=nyy 121 = xoln] = yi[n] = j(= x1[n]+ yo[nl).

By adding the last 4 sequences we get

dxgln] =uln]+u*[n]+ul{-n) N /2 1+ u*[{-n) N ;2]

From Table 5.3, if U[k]=DFT{u[n]}, then U *[{(=k) 5y /2 ]1= DFT{u*[n]},
U*[k]=DFT{u*[{(-n) 5,21}, and U[{=k) /2 ]1=DFT{ul[{(-n) 5 ;21}. Thus,
Xolk]l=DFT{xg[n]} = %(U[k] +U*[(=k)n /2 ]+ U(=k)y 2]+ U* [k]). Similarly,
Jjaxi[nl=uln]—u*[n]—ul(-n) N ;2 1+ u*[{(-n) 5,2 ]. Hence,

X,[k] = DFT{x[n]} = j14(U[k] —U *[(=k) y /2 1= Ul(=k) 5y ;2 1+ U *[k]). Likewise,
dy[n]l=uln]—ul{—n) p o1+ u*[n]—u*[{(-n)p,2]. Thus,

Y1[k]=DFT{y[n]} = %(U[k] —U[(~k) 21+ U *[(=k) 5y ;21— U *[k]). Finally,

J4yolnl=uln]+ul(-n) N ;o1 —u*[n]—u*[{(-n) N, ]. Hence,

1
Yolk]= DFT{yg[n]} = 74(U[k] +U(=k)  121= U *[(=k) 5y 121-U * [K]).
Nl _j21t(n+a)(k+b)
5.60 Xgpprlk.a,bl= % x[n]e N
n=0
| N=I j2n(n+a)(k+b) | N=1 NI _j2n(r+a)k+b) j2n(n+a)k+b)
x[n]l=— Y X[kle N =— 3 X xrle N e N
N k=0 N k=0 r=0
| N=1 NI j2n(n+a—r—a)(k+b) | N=1N=I j2n(n—r)(k+b)
=— X X arle N =— Y X Arle N
N k=0 r=0 N 20 +=o
2n(n—-r)(k+b)
1 N-1 N-1 j——— 1
=— > xr] Y e N =—-x[n]-N = x[n], as from Eq. (5.23)
Ny=0 k=0 N
2n(n—r)(k+b)
N-L N {N, if n=r,
> e = .
k=0 0, otherwise.

5.61 (a) x[n]=oag[n]+PBh[n]. Thus,

_ANST nk(2n+1) N1 k(2n+1)
XDCT[kl—ngox[n]cos[ n )—ngo(ocg[nwh[n])cos[ 2neD)

N-1 N-1
= > ag[n]cos(nk(2n+1)]+ >
= n=0

h nk(2n+1)
z N B [n]cos( N

j = OLGDCT[/C] +BHDCT[k]'
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N-1

N-1 k(2n+1 k(2n+1
(b) Gperlkl= X g[n]cos(7t (2n+ )):> G;CT (k]= X g*[n]cos(Tc (2n+ )j.
DCT
Therefore, g *[n] <> GDCT [k].
N-1 On+1 n+l N, ifk:sz,
¢) Note tha cos| —— 2 |cos| ———2 | = , if k=mand k=0, Now,
(c) Notethat Y. (“(””j [“m(””j N2, if k dk=0, N
= 2N 2N .
n=0 0, otherwise.

N-1 N-1 .
fnlg*[nl= " ¥ TalklalmlGperlkiGherlmloo] "o Joof FELDE)
N* k=0 m=0 2N 2N
Thus,
N-1 N-IN-1 N-1
2 |g[n]|2 =L IS Za[k]Ot[m]GDCT[k]G]*)CT[m]cos(n(znﬂ)k)cos(n(znﬂ)k)
n=0 N2 n=0k=0 m=0 2N 2N

Using the orthogonality property mentioned earlier we get

N-1 ) | N-1 2
2 letf” =55 T alk|Gperlh]
n=0 k=0
13 13 13 13 ]
17 7 -7 =17
5.62 (a) Hy = . The matrix Hy is orthogonal if H yHL = cI
@ Hy =2 _13 _13 13 N g NN
7 =17 17 =7
where T is the 4 x4 identity matrix and ¢ is a constant. Now,
13 13 13 13 13 17 13 7 676 0 0 O
H HL = 17 7 -7 -=17|13 7 -13 —-17|_] 0 676 O 0
NBN =113 —13 —-13 13 |[13 -7 —-13 17 || O 0 676 0 |
7 =17 17 =713 -17 13 -7 0 0 0 676

Hence, the matrix is orthogonal and all its rows have the same £, -norm.

(b) Gy =

e NS R S NG T

1 1 1
I -1 =2
-1 -1 1
-2 2 -1
1 1 1
I -1 =2
-1 -1 1
-2 2

-1
the rows of G are orthogonal but do not have the same

. Next, we observe
o2 1 1 4 0 0 0
1 1 -1 =2(_|0 10 0 O :
1 -1 -1 -217lo o 4 o | whichshows that
I -2 1 -1 0 0 0 10
L5 -norms.
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1 1
5.63 (a) sz[i _IJ Now, 2H§H2:2B _IJB _ﬂ:[(l) (1)}:12’

_|Hy Hj
H4_[H2 —HJ' Thus,

10
Thtma, =L H) H) [Hy H, _ 1|4l 4| _|0 1
47 Al gy gy [Hy -Ha| 4[4l 4D 8 8

N Hy/; -Hy/po| N

AT zl{Hﬁv/z Hy /2 }[HN/Z HN/Z}_l[NIN/Z NIN/2:|:I
v HyvHy =

t t
Hy/;» -Hy)2

(b) From Eq. (5.172), 8 l|x[n]
0

n=

2 1 trq
| =XIXZ(NH§VXHaarj (NHg\’XHaar)

| N-1
2

- t l 1t 2
= FXHaarHNHNXHaar = NXHaarXHaar = N |XHaar [k]| as from Eq.

(5.171) HyHY +N.

N-1
564 Xpyrlkl= ¥ x[n](cos(znnk)+sin(2nnk)). Now,
n=0 N N

2mmk . 2mmk
XDHT[k](cos( v j+ sm( N D
N-1
=3y x[n](cos( 27;\7]() + sin(zxkj)(cos[zyk) + sin(anmkD. Therefore,
n=0
N-1

2nmk . 2mmk
X k
= pHTL ](COS( v j+sm[ N D

= ]:g; x[n] :g;(cos(zxk] + sin(zxk D(cos

N-1
It can be shown that cos(zn”k j : cos( 2mmk
k=0

ank) . ( 2nmkj
+ S1n .
N N

N, if m=n=0,
) /12, if m=n=#0,
/2, if m=N-—-n,

0, otherwise,

N, if m=n=0,
_ N/2, f m=n=#0,

Zz

-N/2, f m=N-n,
0, otherwise,

Hence, x[m] = % ilXDHT [n](cos(znmk) + sin[ZT;\TkD.
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5,65 (a) y[n]:x[<n—n0>m={

5.66

x[n-n,+N], 0<n<n,-1,
x[n—-n,], n,<n<N-1.

Ypurlkl = :]éol y[n] (Cos( 2r]c\;1kj + sin( 27;1]( ])
_ noz—l o+ N](COS(Z?\ZLkJ N Sin(ZTIc\?kD N Nil x[n— no](cos(%;zk) + sin(zrlc\r;k)j :

n=0 n=n,

Replacing n—n, + N by n in the first sum and n—n, by » in the second sum we get
N-1
Ypurlkl= ¥ x[n][cos(W)Jrsjn(WD

n=N-n,

n,—1
+ OZ x[n] (cos(zn(nwo )k) + sin(zn(mn” )kn
_ N N
n=0
N-1
= x[n](cos(zn(wrn" )kj + sin(zn(’”n" )k D
n=0 N N
N-1
= Cos 2nn0kj x[n] (cos(znnk) + sin( Znnkn
N )2 N N
N-1
+ sin(%m"k) > x[n](cos{znnk] - sin(znnkn
N )2 N N

= cos(zn:;k) Xpurlk]l+ sin(Zn;Ok) Xpurl—kl.

(b) The N —point DHT of x[(-n)y] is Xpgrl—£].

N-1 5 1 N-1N-1
© X x"[nl=— ¥ X XpurlkXpurl/]x
n=0 N? k=0 (=0

N-1
z (005(2“”" ) + sin(z’mk D(cos(zw ) + sin(zn’w D :
n=0 N N N N
Using the orthogonality property, we observe that the above product is equal to N if

_ _ N-1 5 1 N-1 5
k= ¢ and is equal to zero if k = /. Hence, Y x [n]zﬁ > (Xpprlkl) .
n=0 k=0

2nnk 1 —nk k . 2mnk 1 —nk k
cos[ TJE\’; jzz(WNn +Wy )and Sm( ?\7 )ZZj(WNn - Wy ) Therefore,
1 N-1 _ - .
Xpurlkl=5 ¥ W™+ Wik = g +JW/$k)

n=0

= 1 (XIN =K1+ XIK] - j XIN = K]+  XTk])
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5.67

5.68

B _N-L 2mnk . (2mnk
yln] = x[n]@gln]. Thus, Ypygrlk] = ’EO y[n](cos( N )—i—sm( N D

= Irvgolx[r] :g;g[m -ryl (cos(%;ik) + sin(%;qk ))

From the results of Problem 5.65 we have

_ N 2tk ~ . (2mlk
YDHT [k] = KEOX[K](GDHT [k] COS(N) + GDHT [< k>N ] sm( N ))

N-1
27]c\fk) +Gpurl(—k) v ]on[f] sin[%lrvfk)

N-1
= GDHT [k] Z X[f] COS(
(=0

= %GDHT [k (XprTlk]+ XprT (k) & 1) + % Gpurl[(—%) v 1(Xpark]- XprT(-k) N 1)

= %XDHT[k] (Gpurlk]+Gpurl(-k) 5 1) + % X prr[(=k) v 1(Gpur k] - GpaT[(-K) v 1)

N-1 —nk nk
(@) ylnl= ZB Wy +B2Wx )Xpcrrlk]
k=0

1 N-1
x{m] 3 (0B Wy + B Wy o Ba W oy By )
0 =0
1
X|
m=0
= Nf(ot1By + 0o B )xln] + (aaBy + 0ty B)(x[nId[n] + x[N —n] (1 —3[n])]
If we require
ylnl=x[n],0<n<N -1,
then the following conditions must be satisfied:
oy +ayfs =0, (5-1)
and
N(aBy +asBr) =1. (5-2)

(b) Let oc% —oc% # 0. Solving for B; and B, in Egs. (5-1) and (5-2) we arrive at
Bl=— b Pp=— 2
N} -a3) N(af -03)
Then, the inverse DCFT is given by

1 N —nk nk
z (O(‘lWN —OL2WN )XDCFT[k]’ 0<n<N-1.

x[n]=———+-
N(0L12 —oc%) k=0

(€) If oy =a% =0 + jo;, With o, #0 and a;,, # 0, the expression for
Xpcprlk] reduces to
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N-1
Xpcrrlkl= X (ZOLre cos(zmk ) +200, sin( 2nnkDX[n]
n=0 N N

which is real. The inverse DCFT is then given by
1 )V_l( 2nnk . 2mnk
=— 200 am( )+2a mn[)}Y k].
x[n] 4Naya, kEO im N re N pcrr 4]

(d) It can be easily shown that the discrete Hartley transform (DHT) of Eq. (5.192) is a
special case of the real DCFT with o, = 0t;, = !

ﬁ.
I 1 1
|1 1 {1 -1 1 -1
I -1 -1 1

1 1 1 1 1 1 1

-11 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1
-1 -1 1
1 1 1 -1 -1 -1 —-1§
-11 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

Sy N VG G VG U W WY
|
—
|
—
—
—_—

(b) From the structure of H,, Hy, and Hg, it can be seen that H, = [HZ H, }

H, -H,
_|Hy  Hy
and Hg _[H4 —HJ'

(¢) Xpyr =Hyx. Therefore, x=Hy' X7 =N-HYX 7 = N-HyXyr. Hence,

(-1
N-1 2 b;(n)b; (k)

x[n]= ¥ Xpyrlkl(-1)=0 , where b;(r) is the i—th bit in the binary
k=0

representation of r.

M5.1 (&) N = input('The value of N = ');
k = -N:N;
y = ones(1l,2*N+1);
w = 0:2*pi/255:2%pi;
Y = freqz(y, 1, w);
Ydft = fft(y);
n = 0:1:2*N;

plot (w/pi,abs(Y),n*2/(2*N+1) ,abs (Ydft), 'o");
xlabel ('\omega/\pi'),ylabel ('Amplitude’') ;

7
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(b) Replace the statementk = -N:N; withk = 0:N;,y = ones(1,2*N+1) ;
withy = ones(1,N+1); thestatementn = 0:1:2*N; withn = 0:N;, and
the statement plot (w/pi,abs (Y),n*2/ (2*N+1) ,abs (Ydft), 'o"');
withplot (w/pi,abs(Y),n*2/ (N+1),abs (Ydft), 'o") ;,inthe program of
Part (a).

(c) Addthe statementy = y - abs (k) /N; below the statementy =
ones ([1,2*N+1]) ; inthe program of Part (a).

I
=
+

(d) Replace the statementy = ones(1,2*N+1); withy
ones (1,2*N+1) - abs (k) ; inthe program of Part (a).

(e) Replace the statementy = ones(1,2*N+1); withy = cos(pi*k/(2*N)) ;

in the program of Part (a).

The plots generated for N =4 are shown below where the circles denote the DFT
samples.

() (b)
10
[0}
3 3
2 £
= o
o
E £
0 & (6 -‘5 S “I & O 1‘5 & > 0 \,1015 & “I S 1"5\,, 5
o/T
(c)
25
20
% 8 15
5 =
g E 10
5
1
o/T
(e)
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M5.2

M5.3

Amplitude

0 0.5 1 1.5 2
/T

The code fragments to be used are as follows:

Y = fft(g). *fft(h);
y = iift(Y);
(@) yln]l= glnl@hin]. The output generated using the above code fragments is

y:
-6 9 -16 20 -4 45

(b) wln]=x[n]®v[n]. The output generated using the above code fragments is
w =

Columns 1 through 3
11.0000 +25.00001i -9.0000 +48.00001 3.0000 +17.00001

Columns 4 through 5
29.0000 + 0.0000i -10.0000 +12.00001

(¢) u[n]=x[n]®yln]. The output generated using the above code fragments is

u =
-23.0000 -69.0000 35.0000 105.0000 73.0000

N = 8; % sequence length

gamma = 0.5;

k = 0:N-1;

X = exp(-gamma*k) ;

X = fft(x);

% Property 1

X1l = fft(conj(x));

Gl = conj ([X(1l) X(N:-1:2)1);
% Verify X1 = G1

% Property 2
conj ([x(1) x(N:-1:2)1);

2 =
2 = fft(x2);
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M5.4

M5.5

% Verify X2 = conj(X)

% Property 3

x3 = real (x);

X3 = fft(x3);

G3 = 0.5* (X+conj ([X(1l) X(N:-1:2)1));
% Verify X3 = G3

oe

Property 4

x4 = j*imag (x) ;

X4 = fft(x4);

G4 = 0.5*(X-conj ([X(1) X(N:
% Verify X4 = G4

% Property 5

x5 = 0.5% (x+conj ([x(1l) x(N:
X5 = fft(x5);

% Verify X5 = real (X)

o

Property 6

% Property 1

xpe = 0.5* (x+[x(1) x(N:-1:2)1);
xpo = 0.5*(x-[x(1) x(N:-1:2)1);
Xpe = fft(xpe);
Xpo = fft(xpo):;

% Verify Xpe = real(X) and Xpo =

Property 2

2 = [X(1) X(N:-1:2)1;
Verify X = conj(X2);
real (X) = real (X2) and imag(X)

00 0P 0P X o°

abs (X)= abs(X2) and angle(X) =

-1:2)1));

-1:2)1));

x6 = 0.5% (x-conj ([x(1l) x(N:-1:2)1));
X6 = fft(x6);

% Verify X6 = j*imag(X)

N = §8;

k = 0:N-1;

gamma = 0.5;

X = exp(-gamma*k) ;

X = fft(x);

Jj*imag (X)

= -imag(X2)
-—angle (X2)

N = 8; % N is length of the sequence(s)
gamma = 0.5;

k = 0:N-1;

g = exp(-gamma*k); h = cos(pi*k/N);

G = fft(g); H=fft(h);

% Property 1
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M5.6

alpha=0.5; beta=0.25;

x1 = alpha*g+beta*h;

X1l = fft(x1);

% Verify Xl=alpha*G+beta*H

% Property 2

n0 = N/2; % n0 is the amount of shift
x2 = [g(n0+1:N) g(1:n0)];

X2 = fft(x2);

% Verify X2(k)= exp(-j*k*n0)G (k)

% Property 3

kO = N/2;
X3 = exp(-j*2*pi*k0*k/N) . *qg;
X3 = fft(x3);

G3 = [G(kO+1:N) G(1:k0)7];
% Verify X3=G3

% Property 4

x4 = G;

X4 ffe (G) ;

G4 = N*[g(l) g(8:-1:2)]; % This forms N* (g mod(-k))
% Verify X4 = G4;

% Property 5

% To calculate circular convolution between
% g and h use egn (3.67)

hl = [h(1l) h(N:-1:2)1;

T = toeplitz(h',hl);

x5 = T*g';

X5 = fft(x5');

% Verify X5 = G.*H

o®

Property 6

X6 = g.*h;

X6 = fft(x6);

H1 = [H(1) H(N:-1:2)1;

T = toeplitz(H.', H1); % .' is the nonconjugate transpose
G6 = (1/N)*T*G."';

% Verify G6 = X6.'

g = input('Type in first sequence = ');
h = input('Type in second sequence = ');
X = g +1i*h;

XF = fft(x);
XFconj = conj (XF) ;
N = length(g);
YF = zeros(N-1,1)"';
for k = 1:N-1;
YF (k) = XFconj (mod(-k,N)+1);
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end

YF1 = [XFconj(l) YFI];
GF (XF + YF1)/2;

HF (XF - YF1)/2;

M5.7 x = [-3 5 45 -15 -9 -19 -8 21 -10 23];

XF = fft(x);

k =0:9; YF = exp(-1i*2*pi*k/5).*X

F;

output = [XF (1) XF(6) sum(XF) sum(YF)];;

disp (output)
disp (sum(abs (XF) .*abs (XF))

The output data generated by this program is
30 0 -30-0.00001 -100-0.
38600

M5.8

F = [X XF(8:12)];

X
k = 8:12; XF(k)=conj (X(mod(-k+2,
X
x = 1ifft(XF);

n=20:11; v = exp(i*2*pi*n/3).*x

00001

[11 8-i*2 1-i*12 6+i*3 -3+i*2 2+i 15];

12)));

7

output = [x(1) x(7) sum(x) sum(y)];

disp (output)
disp(x.*x)

The output data generated by this program is
4.5000 -0.8333 11.0000
74.8333

M5.9 n=0:255;
x = 0.1*n.*exp(-0.03*n) ;
plot(n,x);axis ([0 255 0 1.31);
xlabel ('n');ylabel ('Amplitude') ;
title('Original signal');
pause

-3.0000-2.00001

z = [zeros(1l,50) ones(1l,156) zeros(1l,50)];

v = 4d*rand(1l,256)-1;

YF = z.*fft(y);

vinv = 1fft (YF);

S = X + yinv;

plot(n,s);axis ([0 255 -2 4]);
xlabel('n') ;vylabel ('Amplitude') ;
title('Noise corrupted signal');

pause

zc = [ones(1l,50) zeros(1l,156) ones(1,50)];
SF = zc.*fft(s);

xr = 1ifft (SF);

plot(n,xr);axis ([0 255 0 1.31);
xlabel ('n');ylabel ('Amplitude') ;
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title('Signal after Fourier-domain filtering');

Original signal Noise corrupted signal
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function y = overlapsave (x,h)
X = length(x) ; $Length of longer sequence
M = length(h); %length of shorter sequence
flops (0);
if (M > X) $Error condition
disp('error');
end
%gclear all
temp = ceil(log2(M)); %Find length of circular
convolution
N = 2%temp; %zero padding the shorter sequence
1f (N > M)
for i = M+1:N
h(i) = 0;
end

end

m = ceil ((-N/(N-M+1)));
while (m* (N-M+1) <= X)
1if (((N+m* (N-M+1)) <=
for n = 1:N
x1(n) = x(n+m* (N-M+1));
end

X)&((m* (N-M+1)) > 0))

end
if (((m* (N-M+1))<=0)&( (N+m* (N-M+1))>=0))
gunderflow adjustment
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for n = 1:N

x1(n) = 0;
end
for n = m* (N-M+1) :N+m* (N-M+1)
if(n > 0)
x1 (n-m* (N-M+1)) = x(n);
end
end
end
1f ( (N+m* (N-M+1)) > X) %overflow adjustment
for n = 1:N
x1l(n) = 0;
end

for n = 1:(X-m* (N-M+1))
x1l(n) =x (m* (N-M+1)+n) ;
end
end

wl = circonvl(h,xl); %circular convolution using DFT
for 1 = 1:M-1
yl(i) = 0;

J+m* (N-M+1))
vO (j+m* (N-M+1
end
end

end

m = m+1;
end
%disp('Convolution using Overlap Save:');
y = real (yO);

(N-M+1)) < (X+M
> 0
)

function y = circonvl (x1,x2)
L1 = length(xl); L2 = length(x2);
if L1 ~= L2,

error ( 'Sequences of unequal lengths'),
end
X1l = fft(x1);
X2 = fft(x2);
X _RES = X1.*X2;
y = 1fft(X_RES);

The MATLAB program for performing convolution using the overlap-save method is
h=1[1 1 11/3;
R = 50;
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d = rand(1,R) - 0.5;

m= 0:1:R-1;

s = 2*m.*(0.9."m) ;

X = s + d;

$x = [x X X X X X X];
vy = overlapsave(x,h);

k = 0:R-1;

plot(k,x, 'r-',k,y(1:R), 'b-=-");

xlabel ('Time index n');ylabel('Amplitude');

legend('r-', 's[nl', 'b--','yvInl"');

The output plot generated by the above program is shown below:

8
- s[n]
. //%X —
E R
54 / /\
E / \
2; VVX%% |
% 10 20 30 20 50

Time index n
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