Chapter 6

(e 0] [e o] (e 0]
6.1 X(z)= Xxnlz”" = Ix[n]z~". Therefore, lim X(z)= lim Y x[n]z™"
n=—o0 n=0 Z—>®© 70 ;=()

o0
= lim x[0]+ lim Y x[n]z”™" = x[0].
Z® 70 ;=1

6.2 (a) Zo{[n]}= §5[n]z‘” =0[0]=1, which converges everywhere in the z—plane.

n=—0

(b) x[n]=a" u[n]. From Table 6.1,

Zidnl} = X() = Lalnl™ =

1 Z| > |0‘|- Let g[n]=nx[n]. Then,

n=—w —-az
Z{gn} = G@) = Saxink~". Now, X&) _ _ $ieinlz™. Hence,
n=—o Z n=—0
dX(2) % . dX(z) az”!
=— =-G(z), or, G(z)=— = ) .
s nzZ_olzx[n]z (2) (2)=-2 e 2> |al

no. .
(c) x[n]=r"sin(w,n)uln] = %(ef“’f)” —e /0™y y[n]. Using the results of Example
J

6.1 and the linearity property of the z-transform we get

. 1 1 1 1
Z{r" sin(w,n)uln]} = 7 Dl e B
T\ 1=rel®0 ;71 T\ 1=re™ %0 ;71

r Jwo —jog N, —1
— (e —e . -

T S . G’ ST
1—r(e!?0 47 /%0 )z_l + rzz_2 1-2rcos(w, )z_1 + rzz_2

6.3 (a) xq[n]=a"uln—2]. Note, xi[n] is a right-sided sequence. Hence, the ROC of its

(e 0] [e 0]
z—transform is exterior to a circle. Therefore, X{(z)= Yo" uln—-21z7"= Ya"z7"
n=—o n=2
[e 0]
= Ya"z" ~1-az™", |a/z] < 1. Simplifying we get
n=0
1 -1 0!21_2 .
X(2) = ——l-az" = — Wwhose ROC is given by 12| > |a].
1-az 1-o0z

(b) xp[n]=-a"u[-n—-3]. Note, x,[n] is a left-sided sequence. Hence, the ROC of
its z—transform is interior to a circle. Therefore,
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X = Sa'uln-3k =~ T = fa MM == S ()"

n=—w n=—o 3 m=3

8

< 1. Simplifying we get

z( la)™ =1-(z/a)—(z/ @),
0

3
X,5(2) = (G \hose ROC is given by |z| < |of.

1-(z/a)

(c) x3[nl=a"uln+4]. Note, x3[n] is aright-sided sequence. Hence, the ROC of its

(e o] (e 0]
z—transform is exterior to a circle. Therefore, X3(z)= Ya"uln+41z7" = Ya"z7"

n=-—0 n=—4
5 n -1 1 -1 ) 3
= Y(alz)" +(alz) +(alz2)” +(a/z) =——+(al/z) +(a/z) " +(alz) °,
n=0 1-(a/z2)
la./ 7| < 1. Simplifying we get X3(z) _&)/) whose ROC is given by |2 > |a]
alz

(d) x4[n]=a"u[-n]. Note, x4[n] is a left-sided sequence. Hence, the ROC of its z—

o0 0
transform is interior to a circle. Therefore, X, (z)= Yo" u[-nlz™" = Ya"z7"
n=—o0 n=—oo

1

S — <1. Therefore the ROC of X, (z) is given by |z| < o].
1-(z/a)

e —m_m
= Za =
m=0

6.4 Z{(0.4)" u[n]} = >0.4; Z{(=0.6)" u[n]} = > 0.6:
1-0.47" 140.62~
Z10.4)" y~n—1]} = — 2 <0.4:
1—0.4z_1
Z((=0.6)" y[-n—1]} = -;1, <0.6:
1+0.62~
1 1 140277
() Z{x [n]}= —+ — = T[> 0.
1-04z70 1+06z7"  (1-04z77"YHa+0.6z7h
-1
(b) Z{xylnl}=— ¢ — L 1*02 .04 <[4 <0s.
1-04z7" 14067270 a-04z7"DHa+06z7h
-1
(c) Z{x3[nl}= Lt 1+0.22 <04.

1-04z7" 1406270 (1-04z"Ha+06z7Y
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-2 -2 2 2, -1
_ (@ +f )_(af’) o I'B)Z with its ROC given by || > [4].
z “(l=az" )= pz )
(b) xp[n]=a"u[-n—2]1+ B" uln—1] with |8 > |o]. Note that x,[n] is a two-sided

sequence. Now,

-2 o 0 2
Z{a"u[-n=21}= Ya"z7"= Ta """ = T@/a)" -1-(z/a)-(z/a)
n=—oo m=2 m=0
(Z/oc)3 . ) . .
= —="—"with its ROC given by |z| < |o|. Likewise,
1-(z/a)
00 _ 00 _ 1 ﬂz_l B B
Z{B uln-11y= 2 p"z7 "= 3B -1= -1= with its ROC

n=1 n=0 1—,BZ_1 l—ﬂZ_l
given by || > B Since the two ROCs do not intersect, Z{x,[n]} does not converge.

(©) x3[nl=a"uln+1]+ " u[-n—2] with |B|>|a|. Note that x3[n] is a two-sided
sequence. Now,

-2 o 0 2
Z{a"u[-n=-21}= Ya"z7"= Ta """ = T@/a)" -1-(z/a)-(z/a)
n=—oo m=2 m=0
(Z/oc)3 . ) . .
= —="—"with its ROC given by |z| < |o|. Likewise,
1-(z/a)

00 o0 _1
Z{B un-1}= X p"z7"= xp"7" -1= L o P - with its ROC
n=1

given by | > |A]

The denominator factor (z2 +0.3z—0.18) = (z+0.6)(z — 0.3) has poles at z=—-0.6 and

at z=0.3, and the factor (z2 —2z+4) has poles with a magnitude 2. Hence, the four
ROCs are defined by the regions: R;: 0<|¢|< 0.3, Ry: 03<[{<0.6,

R3=0.6<|z/<2,and Ry: |g|>2. Theinverse z-transform associated with the ROC

R | is a left-sided sequence, the inverse z-transforms associated with the ROCs
R, and R4 are two-sided sequences, and the inverse z-transform associated with the
ROC R 4is aright-sided sequence.

X(z) = Z{x[n]} with an ROC given by R ,. Using the conjugation property of the —
transform given in Table 6.2, we observe that Z{x *[n]} = X * (z*) whose ROC is

givenby R, . Now, Re{x[n]}= %(x[n]+ x*[n]). Hence, Z{Re x[n]}

= %(X(Z) + X * (z)) whose ROC is also R .. Likewise, Im{x[n]} = ;j(x[n] —x*[n]).
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6.10

6.11

6.12

Thus, Z{Im x[n]} =

;j(X(Z) —-X* (z)) whose ROC is again R, .

{x[n]}=1{2, 3, -1, 0, -4, 3, 1, 2, 4},-2<n<6. Then,

)?[k]=X(z)| _ jnki3 =X(z)| _ jonkl6 =X(ej‘°)‘ . Note that X[k] is a
=€ =€ w=27k /6

periodic sequence with a period 6. Hence, from Eq. (5.49), the inverse of the discrete

~ [o 0]
Fourier series X[k] isgivenby X[n]= Y x[n+6r]=x[n—6]+ x[n]+ x[n+6] for
r=—00
0<n<5. Let y[n]=x[n—6]+ x[n]+ x[n+6], -2<n<6. Now,

{x[n-6]}={0, 0, O, O, O, O, 2, 3, —1}and
{x[n+6]={1, 2, 4, 0, 0, O, 0, 0, 0}. Therefore,
{y[n]}=1{3, 5 3, 0, —4, 3, 3, 5 3},-2<n<6. Hence,
{x[n]}=1{3, 0, —4, 3, 3, 5},0<n<Ss.

{x[n)}=1{4, 2, -1, 5 =3, 1, =2, 4, 2},-6<n<2. Then,

X[k]=X(z)| _ jakl3 =X(z)| _jonkl6 = X(e/?) . Note that X[k] isa
=€ i=e w=27k /6

periodic sequence with a period 6. Hence, from Eq. (5.49), the inverse of the discrete

Fourier series )?[k] isgiven by X[n]= > x[n+6r]=x[n—-6]+ x[n]+ x[n+6] for
r=-—0w
0<n<5. Let y[n]=x[n—-6]+ x[n]+ x[n+6], -6 <n<5. Now,

(x{n—-6]}={0, 0, 0, 0, 0, 0, 4, 2, —1, 5 -3, 1,-6<n<5,
(Xn+6]={-2, 4, 2, 0, 0, 0, 0, 0, 0, 0, 0, O},-6<n<5.
Therefore, {y[n]}={2, 6, 1, 5, -3, 1, 2, 6, 5 -3, 1},-6<n<5.
Hence, (¥n]}={2, 6, 1, 5 -3, 1},0<n<5.

U _n U _j2rkn /9
X(z)= Xx[nlz . X()[k]=X(Z)|Z=e(2nk/9 = Y x[nle”/ ,0<k<8.

8 . 8 (11 . ,
Therefore, xO[n]=l > Xo[k]eﬂ”"”/g _1 3 (Zx[r]e_ﬂ”k’"/gjeﬂ”k”m
k=0 9 k=0\r=0
8 11 . 1 9 | 9
=L s S/t e-nl9 L s g 3 2akn-n/9 _ 1 s s W9—(r—n)k.
9k=0r=0 9r=0 k=0 9r=0 k=0
8 1, forr—n=09i,
From Eq. (5.11), ~ ¥ Wy =k =4> TR EI ence,
9%-0 0, otherwise.
x[0]+ x[9], forn=0 |
xoln]= e,
x[n], otherwise,

{(xoln]}={20 5 45 —-15 -9 —19 -8 21 —10},0<n<8.
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613 (a) X(2)= Sainlz~". Hence, X(z3)= Sxinlz=" = Sxim/3]z~™. Define

n=—ao n=—00 y=—00
m=3r

x[m/3], m=0,£3,%6,...

_ " We can then express
0, otherwise.

a new sequence g[m]= {

Q0
X(z3) = Y g[nlz~". Thus, the inverse z-transform of X(z3) is given by g[n].

n=—00
(—0.5"3, n=0,36,...,

For x[n]=(=0.5)" u[n], gln]= { i
0, otherwise.

b) Y(@)=1+zHX>) =X +271x(3). Therefore,
yinl= Z7WY(@))= Z 'x@)+ Z 717X ) = gln]+ gln—11, where g[n] =
(—0.5"3, n=0,3,6,.

Z_lX(z3). From Part (a), g[n]= "> Hence,
0, otherwise.
=073
gln—-1]= (=0.5) » n=L47..., Therefore,
0, otherwise.
(-0.5"3,  n=03.6,...,
yinl={=0.5""D3  p=147,..,
0, otherwise.
-5 -5
1 Z 1-z2
614 (@) X,(= Z{unl=un=-S}=——-——7F="7
1-z 1-z2 1-z
=1+z'+z72+z2 +z7*. Since has all poles at the origin, the ROC is the entire

z—plane except the point z =0, and hence includes the unit circle. On the unit circle,

. . . : . _,—Jj5w
Xy, _jo =Xg(e®) =1+ +eTI20 o304 i o L.
z=e |— e J@
(b) xplnl=a"uln]-a" uln-8J, oc| <1. From Table 6.1,
1 z_S 1- 1_8 ) ) )
Xp(2)= T = T The ROC is exterior to the circle at
1—az™ 1—az™ 1—az™
|z| = |0c| < 1. Hence, the ROC includes the unit circle. On the unit circle,
; l—ejgw
Xp(2)|_ jo =Xp(e!”)= —
|Z_e 1—ae’”

(©) xc[nl=n+Da"ulnl=na"unl+a" plnl,

a/<1. From Table 6.1,
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-1 1

1 1+az"
XC(Z)= g + = o

1—az_1 1—0cz_1 1—az™
|z| = |a| < 1. Hence, the ROC includes the unit circle. On the unit circle,

. The ROC is exterior to the circle at

. Jo
Xc (ejw) = HL‘
1—e/®
N N[ 2N 1—7~@2N+D)
6.15 (a) Yi(9)= Xz "=z"| X" =— - %(2) has N poles at
n=— n=0 7z (1-z)

z=0 and N poles at z =c. Hence, the ROC is the entire z—plane excluding the
points z=0 and z = oo, and includes the unit circle. On the unit circle,

. 1
1— ej(2N+1)a) Sln(a)(N + 2))

1(Z)|Z=€Jw 1(e”™) e~ INO (1 _ om0 sin(w/2)

| = ~(N+D)

N
(b) Yo(z)= Xz7" = Y»(z) has N poles at z=0. Hence, the ROC
n=0 1—-z

is the entire z—plane excluding the point z=0. On the unit circle,

-1

N sinf V!

' | R Y 2

Y. Z iw =Y e]w =) =8¢€ @ —_—.
2(0) o pio =2’ =i sin(cw/2)

I
() y3[n]={1_N’ ~NsnsN, Now, y3[n]= yo[nl@® yoln] where

0, otherwise.
N N —(N+1),\2
_Yep< 1-
yolnl=3" 2 =~ ""=7%" Therefore, Y3(z)=Y02(z)= (_NZ _1)2.
0, otherwise. z T (=z)

N N i :
Y3(z) has > poles at z=0 and B poles at z =o0. Hence, the ROC is the entire z—

plane excluding the points z =0 and z =0, and includes the unit circle. On the unit

(o)

circle, Y3(e/?) =Yg (e/”) =

sin?(w/2)
N+1—-n, —N<n<N, .
(d) y4lnl= ~ =y [n]+ N -y3[n], where y;[n] is the
0, otherwise,
sequence of Part (a) and y3[n] is the sequence of Part (c). Therefore,
1 ,~N+D) (1= (N+Dy2
Y4(2)=Y(2)+ N-Y3(2) = +N . Since the ROCs of

both Y;(z) and Y3(z) include the unit circle, the ROC of Y, (z) also includes the unit
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6.16

sin[a)(N + ;)) sin’ (W(NZHD
+ .

circle. On the unit circle, Y4(ej“’)= _
sin(w/2) sinz(a)/2)

cos(7m/2N) —N<n<N,
(€) yrln ) Therefore,
0, otherwise.

1 % —jGmn 2Ny =n L g i/ 2N) -~
Zn 2 p=-N

_ ej(nlz) N 1_e—j(2N+1)(7r/2N)Z—(2N+1)
2 | — e J(@/2N) —1

Yf (2)=

=+

e J@/ 2N (| J@N+D(@/2N) ,~(2N+1)
> = el(@/2N) -1

Yy(2) has N polesat z=0 and N polesat z=o0. Hence, the ROC is the entire z—
plane excluding the points z=0 and z = oo, and includes the unit circle. On the unit

(e e2) ol )02)

circle, Y (e/¥) =

1
sin((a) - 2’;\,) / 2) 2 sin((a) ¥ 2’]’\,) / 2)
X(2) =423 +522 +2-2-32"1 4270 ¥(2)=62-3-7 48z + 77 - 270,
W(z)= 3724273 4277 =2 =27 4578
(@) U(z)=X(2)Y(z)
= (=472 +522 +7-2-37"1 4277 67-3-7" +8:0 + 7774 —2777)
=247% +4273 572 —207-45+23771 +66772 25772 —42774 — 1777
+22770 v 14777 — 4778, Hence,
{uln]}={-24, 42, =5, =20, —45, 23, 66, —25, —42, —17, 22, 14, —4}, -4 <n<8.

(b) V(z)=X(2)W(2)
(472 572 +7-2-37" 4273 2 #273 w27 =0 — 27 45778
= 12z+7+52 1 410272 —16273 3274 287270 4307 0 13777 —6778

—15z_4 —4z_10 + 10z"“. Hence,
nl}={-12, 7, 5, 10, —16, —3, —28, 30, 13, -6, —15, —4, 10}, -1<n<11.

(c) G(2)=W()Y(2)
=Bz 2 +273 4277 =70 =27 T 4578 62-3-77 48773 + 774 —2277)
= 18z_1 + 3z_2 + 3z_3 — 14z_4 + 25z_5 + 26z_6 + 60z_7 -1 lz_g — 16z_9 — 142_10
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+ 26z_11 + 39z_12 —10z_13. Hence,
{g[n]}={18, 3, 3, —14, 25, 26, 60, —11, —16, —14, 26, 39, —10}, 1 <n<13.

2N-1{ N-1 N-1{ N-1
6.17 Y ()= Y (Zx[m]h[n—m]}z_n and Ye(z)= ¥ [ Zx[m]h[(n—m)N]JZ_n.
n=0 \m=0 n=0\m=0

Now, Y; (z) can be rewritten as
N-1{N-1 _, 2N-I(N-1 h
Y ()= X ( ZX[m]h[n—m]]z + X ( ZX[m]h[n—m]jz

n=0\um=0 n=N\m=0

N—1(N—1 ]z_” N—1(N—1 jz_(k_N)
= Y | Xx[m]hln—m] + > | Y xlmlhlk—m—N] . Therefore,
n=0\m=0 k=0\m=0

N-1{N-1 _, NoI(N-1 i
Y@ -~ = X | Zxlmlhln—m] + 2| Xxdmlhl(k—m) ]
@ =D Zo\m=0 k=0\m=0

N-1{N-1 .

=3 { Zx[m]h[(n—mhv]jz =Y (2).

n=0\m=0

6.18 G(z2)=2-z'43:2 Hz)==2+47""+2z72 =773, Now,
Y (2)=G(@H(z)=Q2 -z 43772 (2+477 42,72 - 773

=—4+1077 1 =672 +8272 +7z % =377, Therefore,
vplnl={-4 6 2 12 5 -=3},0<n<S5.

Using the MATLAB statementy = conv([2 -1 31, [-2 4 2 -11); we
obtain

‘y‘ =

-4 10 -6 8 7 -3

which is seen to be the same result as given above.

_ _ -1 _, -2 -3 4 5. -5
Yc(z)—(YC(z)>(Z_4_l) ={(-4+10z 6z “+8z " +7z 3z >(z_4—l)
=—4+10z7 ' —6z2+8z° +7-3z"1 =3+7z71 —6772 +8z7>. Therefore,
yelnl={1 3 2 12},0<n<3.

Using the MATLAB statementy = circonv([2 -1 3 0]1,[-2 4 2 -11);

we obtain
y =
3 7 -6 8

which is seen to be the same result as given above.

P(z) _ P(z)
D) (1-1,z2"HR(2)

6.19 G(9)= . The residue p, of G(z) at the pole is given by
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_P@

pr = . Now,
R(Z) Z=/1g
1-2,z27HR
D'(z)=dD(Z1)=d[( 442 IR@)] =—/14R(z)+(1—ifz_l)@. Hence,
dz dz”! dz !
: P(z)
D(z)|z=,1€=—/1fR(z)|Z=/u. Therefore, p, =— 4, PO,
=4y
-1
6.20 (a) X, ()= 32 _ 3z __n
(z+0.6)(z=0.3)  (1+0.6271)1-03z"1) 1+06z70 1-0377"
3 10 3 3 10
where p;= =———=——, py= = =—,
Z_OS Z=—0-6 —09 3 Z+O6 Z=0-3 09 3

10/3 10/3
+

140.6:7" 1-03:7"
There are three ROCs - R: [f] < 0.3, R;:0.3<[¢|<0.6, Rj:[z[>0.6.

The inverse z-transform associated with the ROC R; is a left-sided sequence:
27X @) = 21 = (06" = (0.3)" Jul=n 11

The inverse z-transform associated with the ROC R, is a two-sided sequence:
27X (@) = xqln] == (0.6 Wl-n— 1]+ (03)" ],

The inverse z-transform associated with the ROC ‘Rj is a right-sided sequence:

ZNX ()} = x,[n] = 130(— (~0.6)" +(0.3)" )J[n].

Therefore, X, (z)=—

(b) Xp(z)= 327 +0.127 +0.87: —k+—PL 12 .
(1+0.6z H1-0.3771)2 1406271 1203771 (1-03z771)2
-1 -2 -3
1 87
K=X,0)=0, p = *01z +1028Z | ~2.7279,
-1 -2 -3
y, =22 0l 087 | o,
1+0.67 ‘120.3
-1 -2 -3
. 1 d_l 3:71 40,1z :0.87z __0.3460. Hence,
-0.3 4, 1+0.67
z=0.3
27279 0.3469 0.6190
Xp(2) =

- + :

1406270 1-03z70 (1-03z71?

There are three ROCs - Ry: [z]< 0.3, R,:0.3<[< 0.6, Rj:|d>0.6.

The inverse z-transform associated with the ROC R; is a left-sided sequence:
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771X, (2)} = xp[n] = 2.7279(n + 1)(=0.6)" u[—n — 1]

+(~0.3469+0.6190(n +1))0.3)" u[-n —1].
The inverse z-transform associated with the ROC R, is a two-sided sequence:

77X, (2)} = xp[n] = 2.7279(n +1)(=0.6)" p[—n —1]

+(~0.3469 +0.6190(n +1))0.3)" u[n].
The inverse z—transform associated with the ROC Rj is a right-sided sequence:

Z7YX, ()} = xp[n] =2.7279(=0.6)" p[n] + (= 0.3469 + 0.6190(n + 1) X0.3)" p[n].

. Thus, G(w):w. Now, a partial-
D(0)

-1 -M
P + +ooot
621 G)=t D POXPIE Puz
D(2) l+diz  +--+dyz

N
Visgivenby G(z)= 3 — 24—

/=1 1— /QZ_

fraction expansion of G(z) in z~ , from which we obtain

N
G(w)= ¥ p, =20,
/=1 dg
1

6.22 H(z)= .
1-2rcosfz7  +r

5 |2 > r > 0. By using partial-fraction expansion we write

.

H(z) = 1 e/? 3 e/ 1 e/? 3 e /0
(eje—e—jje) 1-reff771 1=pe 1071 2sin0\ 1—relf771 1—pe 10771

o . . n Jjo(n+1) _ —jO(n+1)
Thus, A[n]= Y (rnejﬁejné)lu[n] _ rne_JHe_Jnelu[n])z I’ - [6 2€ Jﬂ[n]
j2sin sin J
n .
_r sm((n + 1)0) ulnl.
sinf

0 -1 0 0 0
6.23 (@) X(z)= Yao'"u[-n-1z7"= Ya"z7"= Ta """ = /)" = Y(z/a)" -1
n=—0oo n=-—ow m=1 m=1 m=0

_ozla 1
1-(z/o) 1-gz !

2 <|al.

(b) Using the differentiation property, we obtain from Part (a),

-1
Z{nx[n]}=-z ax(2) =% , z| < |(X|. Therefore, Z{y[n]} = Z{nx[n] + x[n]}
dz (1-az hH?
_ az”! N 1 _ 1 , z|<|oc|.
-0z H? 1-az7! (d-az™h?
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(e 0]
6.24 (a) Expanding X;(z) in a power series we get X;(z) = 22_3”,

n=0

z>1. Thus,

1, if n=3kand n=>0, . ) . .
xi[n]= Alternately, using partial-fraction expansion we get

0, otherwise.

1 1

1

3 3
14! o 1.3 -1
+(§+J7)Z 1+(§—]7)Z

xl[n]=§u[n]+§(—;—jf)u[n]+;(—;+jf)u[n]

X1(@)=——x= . Therefore,

3 : 1+
1-z2 1-7

= %,u[n] + %e_ﬂ’m/?’,u[n] + %ejzmm,u[n] = %,u[n] + %cos(Znn /3)u[n]. Thus,
1, ifn=3kandn=>0,
xy[n]= .
0, otherwise.
[o0)
(b) Expanding X, (z) ina power series we get X, (z) = Zz“‘", z| >1. Thus,
n=0
1, if n=4k and n>0, ) . . .
x7[n]= ) Alternately, using partial-fraction expansion we get
0, otherwise.
1 1 1 1
Xy(z)=—4—+—4—+ 4 + 4 . Thus,
-1 -1 1.3, -1 1 .V3, -1
1- 1+ R A S
Z Z 1+(2+]2)z 1+(2 ]Z)Z

wolnl =t L0 (4= 2 a3 = L 2 i)

=

1, if n=4kand n=>0,

0, otherwise.

B =

ﬂ[n]+%(—1)" ,u[n]+%cos(27m/3),u[n]. Thus, xz[n]={

6.25 (a) X;(z)=log(l—az™"),

z| > |oc|. Expanding X;(z) in a power series we get

2 -2 3.3 o N
Xl(z)=—ozz_1—0C L%z —.==2 & . Therefore,
2 3 n=1 n

xl[n]=—“7u[n—1].

oa—z7"

(b) X5(2)= log[ leog(l—(az)_l) |2 <|a| Expanding X;(z) in a power series

-2 -3 o —n
we get X, (z) =—(a z)_1 _le) 7 (a2) —..==2 (@2) . Therefore,
2 3 n=1 N
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—-n

xa[nl==%— uln—11.

n

170

(©) X3(2)= log[l

2| >|a| Expanding X3(z) in a power series we get

_az
2_-2 3_-3 o N n
X3(z)=ocz_1 PR =3 a—z‘”. Therefore, )C3[n]=a—,u[n—1].
3 n=1 N n
(d) X4(z)= log[ - } = —log(l—(az)_l) || <|a| Expanding X4(z) in a power
-2 -3 0 n
series we get X4(z)=(az)_1+(aZ) +(aZ) —.= 2 (@2) . Therefore,
2 3 n=1 n
—n
(44
xyq[n]= uln—1].
n
7417772 pi P2 34
6.26 H(z)= 0 0 =k+ Tt T where k= H(0) = ——,
(1-0.3z )H)A+0.5z ) 1-0.3z " 1+0.5z° 3
417772 25 417772
L= BER pr=———" 1 =3.
The statement [r,p,k]=residuez ([0 1 1.7],conv([1 -0.3]1,[1 0.61]);
yields
r =
3.0000
8.3333
p =
-0.5000
0.3000
k =
-11.3333
Thus, H(z) = —ﬁ+ 25/3 ot 3 = Hence, its inverse z-transform is given by
3 1-03z7" 1405z

34 sn]

h[n]=—-—
[n] 3

+ ?(0.3)” pnl+3(=0.5)" uln].

6.27 G(z)=Z{gln]= § g[n]z™" with a ROC given by R, and H(z) = Z{h[n]= §h[n]z‘”

n=—

with a ROC given by R;,.

n=-—

(@ G*(»)= §g*[n](z*)_” and G *(z%) = §g*[n]z_”. Therefore,

n=—00
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6.28

Z{g *[n]} = G *(z*) with a ROC given by Rg.

(b) Replace n by —m in the sum defining G(z). Then

§ g[-m]7" = §g[—m](1/z)"" =G(1/z). Thus, Z{g[-n]} = G({/z). Since z has

nm=—oo m=—00

been replaced by 1/z, the ROC of is given by 1/R,.

(c) Let y[n]= ag[n]+ Bh[n]. Then

Y(z) = Z{og[n]+ Bhln] = aZ{g[nl+ BZ{h[n] = aG(z) + fH(z). Inthiscase Y(z) will
converge wherever both G(z) and H(z) converge. Hence the ROC of Y(z) is

Rg N Rh

(d) yln]=gln—-n,]. Hence,

Y(2)= §Y[n]z_” - OZO‘,g[n —I’L()]Z_n _ gy[m]z—(m+n0)

n=—ao0 Nn=—00 m=—0

o0
=z""0 Ye[nlz~™ =z""2G(z). In this case, the ROC of Y(z) is same as that of G(z)
m=—o0

except for the possible addition or elimination of the point z=0 or z =0 (due to the
factor of "2 ).

(€) yinl=a"glnl. Hence, Y(2)= Solnlz "= Sagnlz™" = 3 glnlz/o)™"

n=-—oo n=—ow n=—oo

=G(z/a). The ROC of Y(2) is [oR,.

(f) y[nl=ngln]. Hence, Y(z)= %y[n]z‘”= §ng[n]z‘”. Now,

n=—oo n=—c0
G(z)= %g[n]z_”. Thus, aG@2) =- %ng[n]z_"_l. Hence,
n=—aw dZ n=—o0
- d(zl(z) = Eng[n]z_n_l- Thus, Y(z) = Z{ng[n]} =— dG(Z). In this case, the ROC of
< n=—00

Y(z) is same as that of G(z) except possibly the point z=0 or z=c0.

From Eq. (6.111), for N =3, we get
| .ol 2
20 20
Dy=|1 z7' z2| The determinant of D5 is given by
15l 52
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-1 =2 —1 -2
1 zo 29 1 20 20

1 -1 -2 -2
1 -2 1 -1 -2 2| a1 -z oz -z

detD3)=1 z;° z7|=0 z1 —z20 21~ —2°|= 1_1 91 1_2 92

2| |22 —z0 227~z

1 151 zfz 0 zfl—zal z§2—z6
-1 _—1y.-1 -1l Zf1+z61 -1 —ly.—1  _—1y.-1 -1
=21 —z20 Nz2 =20 ) _; =@ —z0 Nz 20 Nz —z2p )
2y +2p
-1 -1
= JIGx —z/)
22k>020

From Eq. (6.111), for N =4, we get
| .1 =2 =3

0 20 20
1 z_l z_z z_3 . .
D,=| “1 *1, *L.| Thedeterminant of Dy is given by
1 V) V) V)
1t o5 oG 5! 52 52
-1 -2 - 1 —2 3
det )= 1 i _0 7z -z 2 T-z00 21 —2
4 -1 -2 _-3 -1_ -1 - -2 - -3
V) V) V) 0 2y =2 2y =2 3y —2
1 z3_1 23_2 23_3 0 z3 —-z9 23 —z62 23 —z63
1 2 -2 —2
21 —Z0 AT 0 & TR0

=5z’ -zp" -7 B -z
11 -2 22 3
23 —20 3 —20 i3 —20

-1 -1 -1 -1 -1 -1 -1 -1 =2 —-1_-1 -2
=(z1 —z9 Nzp —z9 Nz3 —z9 N zp +z0 27 +2p 29 +2
17l egg! 24l 22

7l + 25! gt +aay +2p°

-1 -1, -1 —1y,.-1 -1 -1 -1 -1 —1y,.-1 -1 -1
=(Z1 — 20 )(Z2 — 20 )(Z3 —20 )0 2 —2p (22 —20 )(Z2 +21 +2o )
-1 -1 -1 -1y, -1 -1 -1
0 z3 —z9 (23 —z0 Nzz +z1 +20 )

-1 -1 =1 1y -1, -1, -
1 1y =1 1y -1 _ -1\ —2 (z3 —z1 Nz +z71 +2z9)
=@ -G —a0)@E - )2 2 T L T
3~ (3 —z1 Nzz +z +zp )
1 _—ly=1 1=l =1y, =1 1y, =1 _ 1. -1 -1
=(z1 —z0 Nzp —20 Nz3 —z9 Nz —z1 N2z —z1 Nz3 —22)
= H(zgl—zf‘l). Hence, in the general case, det(D )= H(z,zl—zgl). It follows
32k2020 N-12k>(20

from this expression that the determinant det(D /) is non-zero, i.e., D is non-singular, if
the sampling points z; are distinct.
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6.29

6.30

X(z)=1-2z""+3z72—4z73. Thus,

-1 _ 3
XNDFT[O]:X(ZO):I_Z(_;) +3(_1) —4(—;) =1+4+3-4+4-8=49,
Xnprrlll=X(z))=1-2+3-4=-2,

-1 2 -3
Xnoeri21=X@) =121 +3(}) —4(}] =1-443-4-a8--3

~1 -2 -3
XNDFT[3]=X(Z3)=1—2G) +3(;) —4(;) —1-2.343.9-4.27 = _86.
1 .

- 11 - - 1 - 1
Ip@=0-z"Ha-2z7ha- 1z 1)=1—€z L= e s (- =10,

1 -1 1_1 1_1 -1 1 _ -2 1
Il(z)—(l+2z )1 - )(1 - )=1- 32 VK +EZ :>Il(1)_

— 1—1_—1 _1—1=_§—1_1—2 1-3 Lo _
Iz(z)—(1+2z 1-z ) 32 )=1 6% 37 +6z :>12(2)

b

_ Ut~y b -1y _ ¢ -1 1 -2 13 1,_5
)=+ 2 )1-z )=z )=1-z T 2 BG)=T

4

49 -2 -23 —-86

Therefore, X(z)=—1y(z2)+—— + + I
@)= lo@+ S h@+— 2@+ 1)

= 4.914(z)— 411 (2) +34.515(z) = 34.415(z) = 1-27 "1 +3772 —4773

(@) X(2)= Safnjz™". Let R(2) = log(X(2) = X(2) = e X Thus,

n=-—a

X(ejCO) — e)A((ejw)

(b) iln]= 2L jlog(X(e]“’)) T deo. If x[n] is real, then X(e/®) = X *(e7/?).

Therefore, log(X(e]w ))= 1og(X *(e— jI* )) .

T . . T ) .
x*[n]= L jlog(X * (el ))e_]w"dw _ 1 j’log(X(g—Jw ))e_anda)
2z, 2

T . .
= zi ] log(X (ef‘“))efw”dw = i(n].
T _x

A x[n]+ x[—n] 1 - eJOn 4~ Jjon
©) Xeyln]= 5 E_I”log(x (e’ ))[f]dw

= i }Tlog(X(ejw))cos(wn)dw.

-7
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2 2

-7

n]— x[— T . jon _ —jon
Similarly, x,,[n]= Aln]—x-n] =L Ilog(X(e’”))(%]dw

= 2]—” ?log(X(ejw ))sin(con)da).

-

6.31 x[n]=ad[n]+bo[n—1]. Thus, X(z)=Z{x[n]}=a+ bz L. Also,

R(2) = log(a+bz~") = log(a) + log(l + b/az"") = log(a)+ 3 (=1)""! Mz_".
n

n=—0o
log(a), if n=0,
n
Therefore, x[n] = (—1)”‘1([7/—a), for n > 0,
n
0, otherwise.
N Ny ~1 Ny Np 1 Ng
6.32 (a) X(z)=log(K)+ Xlog(l—ayz™ )+ Xlog(l—yxz) — Llog(l—frz™") — Llog(1-dxz)
k=1 k=1 k=1 k=1
Ng o a! ~ Nj oyt Np o p? Naooén
—log(K)- ¥ ¥ oy y 53 B 35 %
k=ln=1 1 k=1n= 1’1 k=ln=1 1 k=1n=1 n
log(K), n=0,
Ng o f Ny o oy
Thus, x[n]=4 X > - X —, n>0,
k=ln=1 " k=ln=1 1
N -n N -n
y o 5§ © 0
D IR U o Y
k=ln=1 "  k=ln=1 N
X n]| | | asn — oo, where r is the maximum value of oy, fi,yx, and o, for all

values of k, and N isaconstant. Thus, x[n] is a decaying bounded sequence as n — .

(c) From Part (a) if a;, = f; =0, then x[n]=0 forall »> 0, and is thus anti-causal.
(d) If y, =9, =0, then x[n]=0 forall n <0, and is thus causal.

6.33 If X(z) has no poles and zeros on the unit circle, then from Part (b) of Problem 6.32,
vk =0 =0, then x[n]=0 forall n<O.

df((z)z I dX@) 1y ZdX(z)_ Xz )dX(z)
dz X(z) dz ’ dz dz

X(z) = log(X(z)). Therefore,

Not for sale. 160



n
Taking the inverse —transform we get nx[n]= Y kx[k]x[n—k], n# 0. Or,

k=0
n—1 n—1 - -
x[n]l= X kfc[k]x[n—k]+56[n]x[0]. Hence, )Ac[n]=M— > (EJM, n#0.
k=01 x[O] k=0\ " X[O]
For n=0, £{0] =f((z)‘2=oo =X(2)| ;== log(x[0]). Thus,
0, n <0,
x[n] =+ log(x[0]), n=0,
L x[0]  ,=o\n x[0]
6.34
| H(e)|
/] \/l N
of 1 H ' ,'t
0.0ln 0.06m 5 T
6.35 Given the real part of a real, stable transfer function
. N 4. ; Jjo
H,,(e/”) = Yicoa; cos(im) _ Ale . )’ (6-1)
Zl]'\io b; cos(iw)  B(e!?)
N i
the problem is to determine the transfer function H(z) = Pl _ Zizopi -
D@ N opiz™
(2) Hiy(e?®)= J[H(e/”)+ H* (/)= _[H(e/”)+ H(e™ /)]
= [H@+HE)]
z=e
Substituting H(z) = P(z)/ D(z) in the above we get
. 1PDE H+PzHD
Hp(eh) = LPODEDE P0G 62
2 DD | e
which is Eq. (6.117).
(b) Comparing Egs. (6-1) and (6-2) we get B(e/®)=D(z2)D(z™) o’ (6-3)
z=e
A@l”) = JIP@DE )+ PEHDE)] (6-4)
7=e
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6.36

N
Now, D(z) is of the form D(z) = Kz~ [1(z-z;), (6-5)
i=1

where the z;'s are the roots of B(z) = B(ej“’) j inside the unit circle and K is a scalar

e =Z

constant. Putting « =0 in Eq. (6-3) we get B(1) = [D(l)]z, or B() = KHf\Ll(l—z,-).
Hence,

K =B /TIY,0-z). (6-6)
(c) By analytic continuation, Eq. (6-4) yields A(z) = %[P(z)D(z_1)+ Pz HD()]. (6-7)
N . .
Substituting A(z) =% > a;(z' +z") and the polynomial forms of P(z) and D(z), we get
i=0

N i NN N
Ya;(z' +77 ) =| Xpiz 2d;z |+| Xpiz
i=0 i=0 i=0 i=

N .
j( d,-z"j and equating the coefficients
=0

i=0
of (zi + z_i) on both sides, we arrive at a set of N equations which can be solved for the
numerator coefficients p; of H(z).

1+ cos(®) + cos(2m)
17 -8+ cos(2m)

A(z)=1+%(z+z_l)+%(zz 477, (6-8)

For the given example, i.e., H,,(e) = , We observe

Also, B(z)=17 —4(z2 + z_z), which has roots at z = i% and z ==2. Hence,

D(2)= Kz 2 (2= )z + ) =K = a2, (6-9)
Also, from Eq. (6-6) we have K = m/(l —%) =4, sothat D(z)=4- 2.
Substituting Egs. (6-8), (6-9) and P(z) = py + p1z ' + paz 2 in Eq. (6-7) we get
e e (P v = [(Po + 12+ pa -2 +(py +p1Z+pzz2)(4—z‘2)]

Equating the coefficients of (z' +z77)/2,0 <i <2, on both sides we get
4po—p2 =1, 3p; =1,4p, — po =1. Solving these equations we then arrive at

-1, -2
po = Py = pa =1/3. Therefore, H(z) :HZ—+_Z2.
3(4-z277)
-1 -M+1 -M
A(z) = dM+di”—1Z * +a’1;1 ; T2 m = A(l)=1 and A(-1)=-1if M isodd.
l+diz ++dy_ 127" +dy 2

In which case, G(1)= H(1) and G(-1)= H(-1). Ifiseven, then G(1)= H(1) and
G(=1) = H(1)..
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6.37 H(z)= H{(2)Hy(2)+ H3(z)= (1243327 +0.7272)(-4.1-2.527 +0.9z72)
+23+4377 408272 =—2.62-1223z71 924772 +1.22:73 +0.6374.

6.38 (a) (1-0.1z71 +0.14272 + 0492 )Y (2) = 5+ 9.5z +1.4272 =24z )X (2) =
Y(z) 549577 414772 —24773

X(2) 1-0.1z7 +0.14772 +0.497 7
and develop is pole-zero plot shown below:

H(z) = . Using Program 6_1.m we factorize H(z)

Numerator factors
1.00000000000000 3.10000000000000 4.00000000000000
1.00000000000000 -1.20000000000000 0

Denominator factors
1.00000000000000 -0.80000000000000 0.70000000000000
1.00000000000000 0.70000000000000 0

Galin constant
5

-1 -2 -1
51+3.1z  +4z )1 -1.2z)

The factored form of H(z) isthus H(z) = 1 5 1
(1-0.81z " +0.7z ©)1+0.7z )

T
|
1 -
- N
X N\
\

A\

0.5

!/
!

Lo [N
|

\
,,,,, 1o--
!

\

-0.5 N

!
/

Imaginary Part
o

’
X s
N -

R ~_ -7

+
|
|
|
|
|

-
|
|
|
|
|
I
|
I

-1 0 1
Real Part

As all poles are inside the unit circle, H(z) is BIBO stable.

M)A -0.5z""+0.1z72 +0.3273 = 0.0936 z~*)Y(2)
= (5+16.5z 7 4147772 2224773 233.6:7HX () =
CY(2)  5+16577 4147772 = 224773 —33.6774

X@)  1-05:7"+0.1272 403273 -0.0936: 4
factorize H(z) and develop is pole-zero plot shown below:

H(z) . Using Program 6_1.m we

Numerator factors
1.00000000000000 -1.20000000000000 0
1.00000000000000 3.10000000000001 4.00000000000001
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6.39

6.40

1.00000000000000 1.39999999999999 0
Denominator factors

1.00000000000000 0.59950918226500 0

1.00000000000000 -0.80131282790906 0.52021728677142

1.00000000000000 -0.29819635435594 0

Galn constant
5

The factored form of H(z) is thus

51-12z"Ha+3.1z7 +4775)a+1.477hH

1+ 0.5995[1 )(1-0.8013 13z_1 + 0.520217[2 a- 0.2982[1)
As all poles are inside the unit circle, H(z) is BIBO stable.

H(z) =

O

\
i
// | ~
|
& 05/ K I
2 , : \\
g o o 1 x !x e
= \ !
2 ' l )
g 0.5¢ \\ ! X /
|
R S
O |
-2 1 0 1
Real Part

A partial-fraction expansion of H(z) in 7!

using the M-file residuez yields
121212 +2.21212(1—0.81781z_1)
1-0.4z77" 1405z 1 403772

quadratic factor with 1-2r cos(wo)z_l +7r2272 we get r =+/0.3 =0.54772 and

0.5
203"

hln] = -1.21212(0.4)" u[n]+ (/0.3)" cos(2.04478n)p[n].

H(z)=- Comparing the denominator of the

cos(w,) =— or o, =2.04478. Hence, from Table 6.1 we have

(a) A partial-fraction expansion of H(z) in z !
5.2
1406771 1-03z7"

h{n] = -28[n]+ 5(-0.6)" u[n] - 2(0.3)" u[n].

using the M-file residuez yields

H(z)=-2+ . Hence, from Table 6.1 we have

(b) x[n]=2.1(0.4)" u[n]+0.3(=0.3)" u[n]. Its z-transform is thus given by
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6.41

6.42

6.43

2.1 0.3 2.4+051z7"
X(2)= ot 1 1 : 1y
1-04z7" 1+03;z (1-0.4z"Ha+03z7hH
24+05177" [1-33z7" +0.36772
1-04zH1+03z7H | [1+03z71~0.18772
A partial-fraction expansion of Y(z) in z~! using the M-file residuez yields
93 168 123 24
1406270 1-04z7' 1-03z7' 1+03z7!
we have y[n] = (9.3(—0.6)" ~16.8(0.4)" +12.3(0.3)" —2.4(—0.3)"),1[;1].

2| >0.4. The z-transform of

the output is then given by Y(z) =

Y(z)= || > 0.6. Hence, from Table 6.1

@) H)=ZlHnl) = ————.
1+0.4z

Y(z)=H(2)X(z) = ! ,

A+0.4z7H1-0277"1

2> 0.4, X(z)=Z{x[n]} = ;1
1-0.2z~

z>04. Thus,

z| > 0.4. A partial-fraction expansion of

using the M-file residuez yields Y(z) = 213 + 173 . Hence, from Table 6.1

1404z~ 1-0277!

n =3 (=04)" un)+5(0.2)" uln].

(b) H(z)=Z{hn]}= ;1 2>0.2, X(2) = Z{x[n]} = = | >0.4. Thus,
140277 1+0.227
Y(2)=H(2)X(z) = ;, z| > 0.2. Hence, from Table 6.1,
1+02z7"H2
Mn]=(n+1)(=0.2)" uln].
Y(2)=Z{yln]} = 2> 0.3, X(z) = Z{x[n]} = 4 2/>0.2. Thus,

1403771 1-0.677"
_Y(x) _051-0.6z7h

H(z)= = T z| >0.3. A partial-fraction expansion of using the M-file
X(2) 1+0.3z~
residuez yields H(z)=-1 +L1. Hence, from Table 6.1,
1+0.3z"

h[n] = —d[n]+1.5(=0.3)" u[n].

(a) Taking the —transform of both sides of the difference equation we get

_ _ Y 2
Y(2) = 022" 1Y (2) +0.08272Y (2)+ 2X(2). Hence, H(z)= L&) _ 1 =
X(z) 1-0277'-0.087"
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6.44

6.45

(b) A partial-fraction expansion of using the M-file residuez yields

H(z) = 4/3 + 2/3 . Hence, from Table 6.1,

1-04z7" 1402771
Hinl =" O4)" ulnl+ (<02)" uln).

2

(1-0.2z71-0.08:72)1-z71)
A partial-fraction expansion of using the M-file residuez yields

277778 0.8889 01111
S(z)= - +

1-z7' 1-04z7" 140277!
s[n] = 2.7778 un] — 0.8889(0.4)" u[n]+0.1111(=0.2)" u[n).

() Now S(z)=Z{s[nl} = H(z)- Z{uln]} =

. Hence, from Table 6.1,

1-772
H(z)= 1 5 Thus,
I-(+a)cos(w,.)z  +oz
) 2o
H(!®) = I-e . S
1-(1+a)cos(o.)e 7 +ae /7
‘H(ej(” )‘2 _ 2(1—cos2m)
1+(coscoc)2(l+a)2+a2+20Lc0320)—2005mc(1+(x)2cosm
4sin® o

= 5 ——— Note that ‘H(ej‘")‘2 is maximum when
(1+a)(cosm—cosmw,.)+(1—-a)”sin” ®

.2
4sin“ ® 4
2_ < = , and hence,

COS® = COS M 5 =
(l-o)*sm“o, (I-a)

o 1.6, ®=0o,.. Then ‘H(ejwc)

H(e/® ) =2/1- ).

H(z)=1-0z "= H(/®)=1-ae/“%. Then, ‘H(ej“)‘ =1+ a2 —20cos(@R).

H(ej‘”‘ is maximum when cos(®R) = —1 and is minimum when cos(wR)=1. The

maximum value of ‘H(ej“’)‘ is 1+|a

, and the minimum value is 1—|a/. ‘H(ej‘”‘ has R

peaks and R dips inthe range 0 < ® < 2m.
2mk . 2k+Dm
The peaks are located at o =y = S and the dips are located at © = ) = —

0<k<R-1.
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Magnitude Response Phase Response

2 1
1.5 w 05
C
) S
g 8
EEE | =0
= @
g g
< ey
0.5 1 .05
0 : : : -1 : : :
0 0.5 1 1.5 2 0 0.5 1 1.5 2
% o/n

6.46 G(e/®)= (H(ef‘“))3 = (1— ae B3,

. M-1 : 1 =M p=joM . .
6.47 G'”)= Y a'e™ /" = . Note that G(e/®) = H(e!®) for
n=0 1—oe /¥
1 i0 1-aM
a = e 0<n<M-1. Now, G(e’”) = o Hence, to make the dc value of the

magnitude response equal to unity, the impulse response should be multiplied by a constant
K = ‘(l—a)/(l—aM)‘.

Y(e'®) 1

— = —E Maximum
X)) 1-ae /®

6.48 Y(e/”)= X(e/?)+ ac™/*Ry(e/). Hence, H(e/®) =

o 1 .. . 1 .
value of ‘H(ef‘“ )‘ IS 1—|| and the minimum value is 1—|| There are R peaks and dips
— | +|a

in the range 0 < w <2x. The locations of the peaks and dips are given by

. . o R R
1—ae /R =1+ o] or, eIk = J_rU. The locations of the peaks are given by
o

w=qw; = 27k and the locations of the dips are given by o = w;, = M,
K R

0 <k < R-1. Plots of the magnitude and phase responses of H(ej“’) for o =0.8 and
R =6 are shown below:

Magnitude Response Phase Response

Amplitude
Phase, radians
o

0 0.5 1 15 2 ) 0.5 1 15 2
%4 /T
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bo +bie™” +bye™ 2P (boel” +bre™ )+ by

6.49 A(e’”) = > _ ,
l+aje ™ +are™ /= e +are™)+a,

by +(by+b + j(by — by )si
_ Dt lbo +hy)coswt jby 2)sma). Therefore,

a+(+ay)cosw+ j(l1-ay)sinw

by + by + by cos® w+(by —by)? sin?
[a + 1+ ay)F cos® w+(1—ay)? sin? w

by +(by +by)=1[la; +(1+ay)], and at w =7 /2, we have by —by =x(1—a,).

Solution #1: Consider by —by, =1—a,. Choose by=1, —by=1-a,, and by=a,.

Substituting these values in by +(by + by ) = t[a; +(1+ay)], we get by=a;. Inthis case,

=1. Hence, at w =0, we have

i

_d+ae™” + aze_ﬂw

Ae!®?) =1, atrivial solution.

l+ae™/? + aze_]zw

Solution #2: Consider by —b, =a, —1. Choose by = a, and b, =1. Substituting these
values in by + (b +by) =t[a; +(1+ay)], we get by =a;. Inthis case,
20

—Jjo 4 =
; ar +aje ’" +e
A(e/?)y="2""1

l+ae™” + aze_ﬂw

6.50 From Eg. (2.20), the input-output relation of a factor-of-2 up-sampler is given by
x[n/2], n=0,£2,+4,...
x,[n]= .
0, otherwise.
The DTFT of x,[n] is therefore given by

Y(e/®)= Synke /" = San/2e I = X xmle /2™ = X(e/2?) where X(e/®)
n=-w n=—oo m=—w
n even

is the DTFT of x[n].

1 1

1-050~/® 1-0.5cosw+ jO.5sinw
1 _ 1

1-0.5cos(n/4) + jO.5sin(£x/4)  0.6464 + j0.3536

Therefore, ‘H(eij”/ 4)‘ —1.3572 and arg{H(e2/™'*)) = O(2 jx 1 4) = F1.0703.

6.51 H(e!?)= . Thus,

=0.6512F j1.1907.

Now, for an input x[n] = sin(w,n)u[n], the steady-state output is given by

yln] = ‘H(ej‘"o )|sin(e,n + 6(w,)) which for w, =z /4 reduces to

yn] = \H(ef”"‘)

sin(z n+0(r/ 4)) =1.3572 sin(z n— 1.0703).
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6.52

6.53

6.54

6.55

6.56

To guarantee the stability of G(z), the transformation z — F(z) should be such that the

unit circle remains inside the ROC after the mapping. If the points inside the unit circle
after the mapping remains inside the unit circle, G(z) will be causal and stable. On the

other hand, if the points inside the unit circle after the mapping move outside the unit
circle, G(z) will be stable but anti-causal. For example, the mapping z — —z will ensure

that G(z) will be causal and stable, whereas, the mapping z —» 27D will result in a G(z)
that is stable, but anti-causal.

K [e 0]
S [hin]? =095 % [nin. Since H(z)=1/(1— fz™Y), hinl=(B)" uln]. Thus,
n=0 n=0
2K
1-—
18] - 0.952 . Solving this equation for we get K = 0.510£(0.05)
-l - log(laf)

Let the output of the predictor of Figure P6.3(a) be denoted by E(z). Then analysis of this
structure yields E(z) = P(z)[U(z) + E(z)] and U(z) = X(z)— E(z). From the first equation

P2) )U(z) which when substituted in the second equation yields
Z

we have E(z) = )

V@
H@)=5 = =1-P@).

Analyzing Figure P6.3(b) we get Y(z) = V(z) + P(2)Y(z) which leads to

Gy =& _
V@) 1-PG)

For P(z) = hlz_l, H(z) =1—h1z_1 and G(z) =;1. Similarly, for
1—/’112_

, which is seen to be the inverse of H(z).

1

P()=hz ' +hyz 2, Hz)=1-hz ' —hyz % and G(z) = —~ —
1—h1Z —hzZ

Y(2)= [HO (2)Fy(2)—Hy(=2)F (—z)]X(z). Since the output is a delayed replica of the
input, we must have H(z)Fy(z)— Ho(=2)Fy(=2)=z"". But, Hy(z) = 1+az~!. Hence,
(A+az HYFy(2)=(1—az " )Fy(=z) = z". Let Fy(z) =ag+a;z_'. Thisimplies,
2Aaga+a)z =77

The solution is therefore, r =1 and 2(aga+a;) =1. One possible solution is thus

ag =1/2 and a;=1/4. Hence, Fy(z)=0.25(1+z"").
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0.5 06  1.1-0.04z71-0.12772

6.57 Hi(z)=Z{l[n]l}=12+ T = 0 TR The transfer
1+0.5z7° 1-0.27" 1+0.3z7 " —-0.1z~
function of the inverse transform is thus
-1 -2 -1 -1
1 1+0.3 -0.1 . -0.
H,(2)= *0.2 < = (1+0.5z )A-02z ) . Asboth

Hi(2) 1.1-0.04z71-0.12z7%  1.10-0349z"11+03126771)
poles are inside the unit circle, H;(z) is stable and causal with an ROC ¢ >0.349. A

partial-fraction expansion in obtained using the M-file residuez is
1 0.498 0.42224464
H, (2)=—+

12103489771 1+03126177!
hy[n] = %5[11] +0.498(0.34897)" [ n] — 0.42224464(=0.31261)" u[n].

. Hence,

¢/%(@)  Denote H'(z) = dl;(z).

4

6.58 Now, H(2)|___jo =H(ef"’)=‘H(eJ'o>)

From the above we get InH (Z)|z=e jo =In

H(ejw)‘+ 0(w). Therefore,

d‘H(ej(D)‘/d(o (o) d‘H(ej(D)‘/d(o
— + : J—

H' d .
(2) dz = : j = . — Jig(®). (6-A)
H(Z) do 7=el® ‘H(ejw)‘ do ‘H(ej(”)‘
. d‘H(ej“’)‘/d(o
Hence, rg(co)=—zH (2) - (6-B)
H(Z) Z:ejoo ‘H(ejw)‘
Replacing by in Eq, (6-A) we arrive at
. d‘H(ej“’)‘/dco
1 H
r=—2& T T (6-C)
H(Z) z:ejw ‘H(e](x))‘

Adding Egs. (6-B) and (6-C), and making use of the notation T'(z) = z Z((Z)) we finally get
Z

T()+TE™)
2

Tg(('o) = ‘ '
Zze]w

M6.1 (a) The output data generated by Program 6_1 is as follows:
Numerator factors

1.00000000000000 -2.10000000000000 5.00000000000000
1.00000000000000 -0.40000000000000 0.90000000000000

Denominator factors

1.00000000000000 2.00000000000000 4.99999999999999
1.00000000000000 -0.20000000000000 0.40000000000001
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Galin constant
0.50000000000000

05121z +5:72)1+2271 +0.9272)
(1+2z7 45272 1-0277" +0.4272)
The pole-zero plot of G;(z) is given below:

Hence, G(z)=

o T % T o
|
e 1r O~
R
2 xS
E 4 pRE el
:
2| L0
3 2 4 0o 1 2 3

Real Part

There are 3 ROCs associated with G| (z): R : [f] <~0.4, Ry :40.4 <|g| < NG
and Rj :|z| >+/5. The inverse z-transform corresponding to the ROC R; is a left-

sided sequence, the inverse z—transform corresponding to the ROC R, is a two-sided
sequence, and the inverse z-transform corresponding to the ROC R; is a right-sided
sequence.

(b) The output data generated by Program 6_1 is as follows:

Numerator factors

1.00000000000000 1.20000000000000 3.99999999999999
1.00000000000000 -0.50000000000000 0.90000000000001

Denominator factors

1.00000000000000 2.10000000000000 4.00000000000001
1.00000000000000 0.60000000000003 0
1.00000000000000 0.39999999999997 0

Gain constant
1

A+12z7 +4272)1-05271 +0.9:7%)
(1+2.1z7 " + 42721+ 0.6z H1+04z7h
The pole-zero plot of G, (z) is given below:

Hence, G,(z)=
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M6.2

2 e) i
X |
1 _
5 IO
o )/ | N
i | \
% 0 IOXX [
= \ | !
'67 \ | /
© o0
E 4 ~10r
X I
2 ‘ O ‘ ‘
-2 -1 0 1 2
Real Part

There are 4 ROCs associated with G5 (2): R :|¢| < 0.4, R, :0.4 <[z[ < 0.6,
R3:0.6<|z<2, and Ry :|z| >2. The inverse z—transform corresponding to the ROC
R, is a left-sided sequence, the inverse z-transform corresponding to the ROC R, is a
two-sided sequence, the inverse z-transform corresponding to the ROC R; is a two-

sided sequence, and the inverse z-transform corresponding to the ROC Ry is a right-
sided sequence.

(a) The output data generated by Program 6_3 is as follows:
Residues
-3.33333333333333 3.33333333333333

Poles
-0.60000000000000 0.30000000000000

Constants

0

Hence, the partial-fraction expansion of X, (z) is given by

X, (0)=- 1073 1 1073 T The z-transform has poles at z =—0.6 and at
1+0.6z7 1-0.3z"

z=0.3. Thus, it is associated with ROCs as given in the solution of Problem 6.20 which
also shows their corresponding inverse z—transform.

(b) The output data generated by Program 6_3 is as follows:
Residues

Columns 1 through 2
2.33333333333333
Column 3
4.33333333333333 - 0.000000088291511

-3.66666666666667 + 0.000000088291511

Poles
Columns 1 through 2

-0.60000000000000
Column 3

0.30000000000000 - 0.000000007223851
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0.30000000000000 + 0.000000007223851

Constants
Hence, the partial-fraction expansion of X, (z) is given by

23333 3.66666 433333
1406270 1203270 1-03z12

at z=-0.6 and one at z=0.3. Thus, it is associated with ROCs as given in the solution
of Problem 6.20 which also shows their corresponding inverse z—transform.

Xp(2)= The z-transform has two poles

M63 (2) X,()=3- 4 T, 45 7/6

s5+z70 64zt T 1S 16"
The output data generated by Program 6_4 is as follows:

Numerator polynomial coefficients
1.03333333333333 0.73333333333333 0.1000000000000

Denominator polynomial coefficients
1.00000000000000 0.36666666666667 0.03333333333333

3142277 1 43772

Hence, X (z) = 1 5
30+11z “ +z°

-1
(b) Xp(2)=-25+——— - 14rE
1+0.4z 1+0.67
3 07— 6454972243679 0.7 + j6454972243679

=-25+

1404270 1207745966690 1+ j0.774596669z 7"

The output data generated by Program 6_4 is as follows:
Numerator polynomial coefficients
-0.9000 -2.5600 -0.1000 -0.6000

Denominator polynomial coefficients
1.0000 0.4000 0.6000 0.2400
0.9+2.56271 +0.1z72 +0.67 7>

Hence, X, (z)=— 1 5 3
1.0+04z7 " +0.6z - +0.247

5 6 -4
(c) X3(2)= ot ot ™
1+0.64z 4+2z7° A+27)

5 1.5 -0.25
+ +

14064770 1405270 (1+05:7H)2

The output data generated by Program 6_4 is as follows:
Numerator polynomial coefficients
6.2500 6.5500 1.7300 0

Denominator polynomial coefficients
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1.0000 1.6400 0.8900 0.1600
6.25+6.55z71 +1.7372
1+1.64z 1 +0.89z72 +0.167°

Hence, X3(z) =

2 z_l
(d) X4(z)=-5+ +

443270 443771409772

0.5 j0.4303 . j0.4303
1+0.75z71  14(0.3750-j0.2905)z 1 1+(0.3750 + j0.2905)z !
The output data generated by Program 6_4 is as follows:

=5+

Numerator polynomial coefficients
-4.5000 -6.8750 -3.6375 -0.8438

Denominator polynomial coefficients
1.0000 1.5000 0.7875 0.1688

45+6.875z7 +3.6375272 +0.843757 3
1+1.527 +0.7875272 +0.168757 >

Hence, X4(z) =—

M6.4 (a) The inverse Z-transform of X, (z) from it partial-fraction expansion form is thus
x,[n]=30n]— %(—1/5)” u[n]— %(—1 /6)" u[n]. The first 10 samples of x,[n] obtained

by evaluating this expression in MATAB are given by
Columns 1 through 4
1.0333333333 0.3544444444 -0.0644074074 0.0118012345

Columns 5 through 8
-0.0021802057 0.0004060343 -0.0000762057 0.0000144076

Columns 9 through 10

-0.0000027426 0.0000005254
The first 10 samples of the inverse z—transform of the rational form of X, (z) obtaining

using the M-file impz are identical to the samples given above.

(b) The inverse Z-transform of X, (z) from it partial-fraction expansion form is thus
xp[n]=-2.56[n]+3(=0.4)" u[n]— (0.7 — j0.6454972243679)(j0.774596669241)" u[n]

—(0.7 + j0.6454972243679)(—j0.774596669241)" u[n]
The first 10 samples of x,[n] obtained by evaluating this expression in MATAB are
given by

Columns 1 through 4
-0.900000000 -2.200000000 1.320000000 0.408000000
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Columns 5 through 8
-0.427200000 -0.390720000 0.314688000 0.211084800

Columns 9 through 10
-0.179473920 -0.130386432

The first 10 samples of the inverse z-transform of the rational form of X, (z) obtaining
using the M-file impz are identical to the samples given above.

(c) Theinverse Z-transform of X .(z) from it partial-fraction expansion form is thus

x.[n]=5(-0.64)" u[n] +1.5(-0.5)" u[n] — 0.25(n +1)(—0.5)" u[n].
The first 10 samples of x.[n] obtained by evaluating this expression in MATAB are

given by

Columns 1 through 5

6.250000000 -3.700000000 2.235500000 -1.373220000
0.854485800

Columns 6 through 10
-0.536870912 0.3396911337 -0.215996076 0.137807801
-0.0881188675

The first 10 samples of the inverse z-transform of the rational form of X .(z) obtaining
using the M-file impz are identical to the samples given above.

(d) The inverse Z-transform of X ;(z) from it partial-fraction expansion form is thus
x4[n]=-5+0.5(-0.75)" u[n]— j0.430331483(-0.375+ j0.29047375)" u[n]

+ j0.430331483(—0.375 — j0.29047375)" u[n).
The first 10 samples of x;[n] obtained by evaluating this expression in MATAB are

given by

Columns 1 through 5

4.50000000000000 =-0.12499999991919 0.09374999993940 -
0.12656249997773 0.13710937500069

Columns 6 through 10
-0.12181640625721 0.09610839844318 -0.07136938476820
0.05192523193410 -0.03790274963350

The first 10 samples of the inverse z-transform of the rational form of X ;(z) obtaining
using the M-file impz are identical to the samples given above.

L 1403z -0.1z72
M6.5 To verify using MATLAB that H,(z) = 5 s the inverse of

1.1-0.04z71 ~0.122~

1.1-0.04z71 —0.12772
1+ 0.3z_1 - 0.12_2

Hi(z) = , we determine the first 20 samples of #;[n] and h,[n],
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M6.6

and then form the convolution of these two sequences using the M-file conv. The first
samples of the convolution result are as follows:

Columns 1 through 9

1.0000 0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.0000

Columns 10 through 18
0.0000 -0.0000 -0.0000 -0.0000 -0.0000 0.0000 -0.0000 0.0000 0.0000

Columns 19 through 21

-0.0000 -0.0000 -0.0000

As an example try a sequence x = 0:24;
calculate the actual uniform dft

and then use these uniform samples
with this ndft program to get the
original sequence back

[X,w] = fregz(x,1,25, 'whole’);

use freqg = X and points = exp(j*w)

00 00 0° 0P P o o°

freq = input(‘The sample values = ');
points = input(‘Frequencies at which samples are taken = ‘);
L = 1;
len = length(points);
val = zeros(size(l,len));
L = poly(points);
for k = 1:1en
if (freg(k) ~= 0)
xx = [1 -points(k)];
[yvy, rr] = deconv(L,xX);
F(k,:) = yy;
Down = polyval (yy,points(k))* (points(k)) * (points (k)" (-len+1));
F(k,:) = freqg(k)/down*yy;
val = val+F(k, :);
end
end
coeff = val;
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